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Abstract: Let Mq = Gq/H he a (pseudo)-Ricmannian homogeneous spin man- 
ifold, with reductive decomposition Qq = + m and let S{AIq) be the spin bundle 
defined by the spin representation Ad : H GLk(5) of the stabilizer H. This 
article studies the superizations of Mq, i.e. its extensions to a homogeneous su- 
pcrmanifold M = G/H whose sheaf of superfunctions is isomorphic to A(S'*(A'/o)). 
Here G is the Lie supergroup associated with a certain extension of the Lie alge- 
bra of symmetry go to an algebra of supcrsymmetry g = Og + 0- = 0o + -S* via the 
Kostant-Koszul construction. Each algebra of supcrsymmetry naturally determines 
a flat connection V*^ in the spin bundle S{Mq). Killing vectors together with gen- 
eralized Killing spinors (i.e. V'^-parallel spinors) are interpreted as the values of 
appropriate geometric symmetries of M, namely even and odd Killing fields. An 
explicit formula for the Killing representation of the algebra of supcrsymmetry is 
obtained, generalizing some results of Koszul. The generalized spin connection V'^ 
defines a superconnection on Af , via the super-version of a theorem of Wang. 
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Introduction 



Lie superalgebras have played an important role in modern physics since the 
idea of supersymmetry arose. Complex and real simple Lie superalgebras were 
classified by Kac ([28, 37]). This classification was used to describe algebras 
of supersymmetry, i.e. extensions of a Lie algebra of symmetry go to a Lie 
superalgebra = 0o + 0t = 0o + Sj- In this spirit, the classification of extensions 
of Poincare' Lie algebras, in all signatures and dimensions, was achieved in [1, 2]. 
Lorentzian symmetric spin manifolds Mq = Gq/ H appear in constructions of maxi- 
mally supersymmetric solutions of 11-dimensional supergravity ([9, 14, 15, 16, 23]). 
In this context, some special, physically relevant algebras of supersymmetry 
g + have been considered: the action of the even part g^ = go = f} + tn on 
the odd part gy = 5* is a spin representation, i.e. an extension ad \gg : go — > glj{(S') 
of the spin representation adjf, : [) 0^(5') of the stability subalgebra I). In this 
paper, every such algebra of supersymmetry is called adapted to the spin manifold 
{Mo,g, S{Mo)), where S{Mo) is the spin bundle defined by the spin representation 
Ad : H GLk(S') of the stabilizer H. We remark that notions of generalized 
Killing spinors appear naturally in the context of supergravity theories ([13]). 
"Even" adapted algebras of supersymmetry are used in [10] and [17]. [10] obtains 
a unified description of homogeneous quaternionic Kahler manifolds of solvable 
group by means of extended Poincare' Lie algebras ([1, 2]). This construction has 
a natural mirror in the setting of supergeometry and leads to the construction of 
homogeneous quaternionic Kahler supermanifolds, which is also described in [10]. 
[17] constructs compact real forms of the exceptional Lie algebras F4 and Eg in 
terms of even adapted algebras of supersymmetry of the spheres and S^^. 

This paper deals with a geometric representation of the algebra of supersymme- 
try as an algebra of Killing fields on a supermanifold. Recall that the spin bundle 
S{Mq) of a (pseudo)-Riemannian spin manifold {MQ,g,S{Mo)) canonically defines 
a supermanifold M = (Mo, -4^/) whose sheaf of superfunctions Am is isomorphic to 
the sheaf of sections of the exterior algebra A{S* (Mq)) of S*{Mq). Supermanifolds 
of this type have been studied in [3, 24, 25]. If A/q = Gq/H is a homogeneous 
reductive (pseudo)-Riemannian spin manifold then every adapted algebra of super- 
symmetry g = go + g- = go + 5" defines a structure of homogeneous supermanifold 
G/H on. M. Here G is the Lie supergroup associated with the super Harish-Chandra 
pair (6*0,0) via the Kostant-Koszul construction ([30, 31]). The associated Killing 
representation of the algebra of supersymmetry 



(^:g->DerR(A(5*(Mo))) 



(0.1) 
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recognizes Killing vectors and generalized Killing spinors as "values" of even and 
odd Killing fields. An explicit description of the representation (0.1) is obtained. 
Moreover, we give the super-version of the classical theory of invariant connections 
on a homogeneous manifold and we show that the generalized spin connection V*^ 
defines a G- invariant superconncction on M = G/H. This could be of interest for 
future research along the lines of [3, 24, 2-5]. 

The paper is structured as follows. 

The first section recalls the basic notions of supergeometry; in particular even 
and odd evaluations 

evg : Tm{U) ^ T{U, TMo) , evj : Tm{U) ^ r(;7, (TM)-) 

are defined, where T/\/ and TM ~ {TM)^ + {TM)j are respectively the tangent 
sheaf and the tangent bundle of a supermanifold M = (AIq, Am)- The even part 
{TM)q of the tangent bundle is naturally isomorphic to the tangent bundle TMq 
of the underlying smooth manifold Mq while the odd part {TM)j, in the case 
Am = A(S'*(Afo)), is the spin bundle S{Mo). 

The second section describes the Lie-Kostant-Koszul theory of Lie supergroups. 
A supermanifold G = {Go,Ag) is a Lie supergroup if it is a group object in the 
category of supermanifolds. In the seminal paper ['50], the notion of super Harish- 
Chandra pair (shortly sHC pair) is introduced and proved to be equivalent to the 
notion of Lie supergroup. A sHC pair is a pair (Go,q), where Go is a Lie group 
and Q = 9q + 9i Si Lie superalgebra satisfying some consistency conditions. While 
this notion is probably the most efficient to prove theorems in the category of Lie 
supergroups and homogeneous supermanifolds, it has the disadvantage of obscuring 
the geometric meaning of the sheaf of superfunctions Ag of the associated Lie 
supergroup G = {Go,Ag)- [6, 31] describe how to reconstruct the structure sheaf 
Ag together with its Hopf superalgebra structure; in particular [31] shows the 
existence of canonical isomorphisms 

^(G) - Hom ^(g_)(Zi(0),C°°(Go)) = C°°(Go) ® A(0±) 

and explicitly describes the representation of the Lie superalgebra = Sg 0T 

(^:0->DerK(C°°(Go)® A(0l)) 

by left-invariant vector fields (see Proposition 2.15 and Theorem 2.29). Theorem 
2.29 has been proved in [12] with the aid of coalgebra theory. Using this approach, 
we obtain an analogous description for the representation 

^:0^DerK(C°°(Go)® A(0f)) 

by right-invariant vector fields (see Proposition 2.14 and Theorem 2.30). 

Section 3 recalls the basic definitions of action of a Lie supergroup and homoge- 
neous supermanifold and it is an introduction to section 4 where the natural gener- 
alization to the category of supermanifolds of a classical theorem of Wang ([26, 27]) 
is obtained. Wang's theorem estabilishes a natural bijective correspondence be- 
tween the set Conn(Mo)'^° of Go-invariant linear connections on a homogeneous 
manifold Mq = Gq/Hq with reductive decomposition go = i)o + mo and the set 
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Horn R(mo, 0[R(mo))^'' of Nomizu maps. The analogous result in the super-setting 
is the following. 

Theorem 0.1. Let M = G/H = {Go/Ho,Ag/h) be a homogeneous supermanifold 
with reductive decomposition g = + m. There is a bijective correspondence 

Conn{Mf ^ Horn R(m, glsH)^ 

between the set Conn(M)'^ of G-invariant linear connections on M and the set 
Horn R(m, g[][j(m))^ of Nomizu maps. 

This result has already been stated in the literature in the case of even stability 
subgroup ([10]), but, to our knowledge, a proof is missing. The dimension of the 
space of invariant linear connections on a Poincare' superspacetime in signature 
(r, s) is determined. 

Theorem 0.2. The dimension D of the vector space of invariant connections on 
a Poincare ' superspacetime of signature (r, s) depends on r — s mod 8 as follows 



r — s mod 8 
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12 


24 
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24 
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Section 5 deals with a general method to climb from the level of classical geometry 
to the level of supergeometry. This procedure is called superization, which is the 
inverse of evaluation. To every reductive homogeneous pseudo-Riemannian spin 
manifold Ala = Gq/H, together with an adapted algebra of supersymmetry 

= 0o+0T = flo + ^ (0-2) 
superization associates a homogeneous supermanifold M = G/H whose sheaf of 
superfunctions Am is isomorphic to A(5'*(Mo)). Each algebra (0.2) determines a 
flat connection V'^ in the spin bundle and generalized Killing spinors are defined as 
V'^-parallel spinors. The Lie superalgebra (0.2) admits a geometric representation 
(0.1) whose underlying classical geometry is described by Killing vector/spinor maps 

cvq ° <^Ibo : 00 '^(Mo) , X ^ (po{x) (0.3) 
ey-°'p\s^-9T^SiMo) , s^r ■ (0.4) 
We remark that (0.4) does not depend on the odd-odd bracket [S, S] but its lift to 
the anti-homomorphism (0.1) does. For example, for every s G S, the supervector 
field (p{s) coincides with the algebraic interior product £ Der (A(iS*(Mo))) only 
in the odd-commutative case, i.e. when [S, S] = 0. On the other hand, the action of 
(fi{x) is given by the canonical connection V^""^^ G End (iS*(Mo)) of the reductive 
homogeneous manifold Mq = Gq/H considered as a derivation of A(5*(Mo)). Each 
adapted algebra of supersymmetry (0.2) also determines an embedding 

r(A/o) e 5(A/o) ^ Der k(A(5*(A/o))) (0.5) 

such that evp -I- evy composed with (0.5) is the identity. The action of T(Mo) is 
given by the flat spin connection V*^ considered as derivation of K{S*{Mq)) and 
^ — li and only if odd-commutativity holds. The flat spin connection V'^ can be 
interpreted, via the super-version of Wang's theorem, as a G-invariant supercon- 
nection on the homogeneous supermanifold G/H whose associated Nomizu map 
is given by (4.12). We check that our setting is compatible with the construction 
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of the Killing superalgebra in 1 1-dimcnsional bosonic supergravity, whose recipe 
is explained in [13, 14, 16, 39]. Our construction gives an interpretation of the 
generalized Killing spinors as values of geometric "infinitesimal odd symmetries" 
as hinted in [3!l]. The study of adapted algebras of supersymmetry (with possibly 
as odd part a [}-submodule of S) could become the primary object of interest in the 
search of supergravity solutions with many Killing spinors. Indeed each algebra 
of supersymmetry encodes the relevant object of the theory: the generalized spin 
connection V"^. 

Notation. We mainly deal with Z2-graded real vector spaces. We refer to them 
by "graded vector spaces" or "supervector spaces". On the other hand, a graded 
algebra is called a "superalgebra" only if supercommutativity holds. The symbol 
of exterior algebra is used only in the non graded sense, while the same is not 
true for the symbol of symmetric algebra. The set of global sections Tm{Mq) of a 
sheaf Tm over Mq is denoted by !F{M). For example, the superalgebra of global 
superfunctions Am{Mq) of a supermanifold M = {Mq.Am) is denoted by A{M). 

1. Preliminaries of supergeometry 

This section recalls the basic notions of the theory of supcrmanifolds. For more 
details see [11, 30, 33, 40]. 

1.1. Linear superalgebra, Hopf algebra and convolution algebra. 

Definition 1.1. A non-zero element x £V oi a. supervector space V = V^+V-\s 
homogeneous of parity |a;| G Z2 = {O, l} if a; G V\x\- The dimension of V is defined 
as the pair dim V :~ dim Vq \ dim V-. 

Let V ^ + V-, W = Wq + W- be two supervector spaces. 

Definition 1.2. A linear map Lp G Hom r(V^, W) is an even (resp. odd) morphism 
of supervector spaces if (p{Va) C Wa (resp. (p{Va) C W^_^j), a G Z2. The following 
decomposition holds 

Hom u{V, W) = Hom ^(y, W)^ © Hom r{V, W)j . 

Definition 1.3. The tensor product V ®W is a supervector space with gradation 

{V(E)W)q = {Vq(E)W^)®{V-(E)W-) , {V(E)W)j= {V^(E)W-)®{V-(E)W^) . 

Definition 1.4. A supervector space A = + Aj is a (graded) algebra if there 
exist multiplication tua € Hom r(A A,A)q and unity 1a G HomR(M, A)q such 
that (A, rriA, ^a) is an algebra. Left and right multiplication by a G v4 are given by 

La '• A > A , Lia '• A > A 

b^ab (-l)l''ll''l&a 
The supercommutator is the even morphism [•, •] G Hom ^(A(l) A, A)^ defined by 

[a,b]:^Lab-Rab = ab-{-l)\''\^%a . 

(A, mA, 1a) is a supercommutative superalgebra (shortly a superalgebra) if [•, •] = 0. 

Example 1.5. The exterior algebra ArV = A^"^V + A^'^V over an even vector 
space V ^ Vq is a superalgebra. 
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Definition 1.6. A Lie superbracket on a supervector space g = gQ+ is an even 
morphism [•, •] e Horn m(0 (8) g, 0)0 satisfying 

[x,y] = -{-lp^y^[y,x] (1.1) 

[x,[y,z]] = [[x,ylz] + i-l)\-\\y\[y,[x,z]] (1.2) 
for all x,y, z £ g. The pair (g, [•,•]) is called a Lie superalgebra. 

The Lie superalgebra of endomorphisms End k(V^) of V is denoted by glR(V). 
The definitions of morphism of zero parity {morphism in short) and derivation of 
Lie superalgebras are the natural ones. 

Definition 1.7. Let g = gQ + gy be a Lie superalgebra. A representation of g on 
a supervector space V = V-Q + Vjis a morphism of Lie superalgebras (y9 : g gljj(F). 

An anti-homomorphism 95 : g ^ gljj(X^) is also called a "representation". 

Definition 1.8 ([38]). A supervector space C = Cg + Cy is a (graded) coalgebra if 

there exist comultiplication Ac G Hom r(C, C<E)C)q and counity ec G Hom k(C', R)o 
satisfying 

Coassociativity (Ac (E) Idc) o Ac = (Idc ® Ac) o Ac , 

Counity (ec (8 Idc) ° = (Idc ^ec) ° = Idc 

A coalgebra is denoted by the triple (C, Ac, ec)- 

Sometimes the so-called sigma-notation of [38] is used: 

^c{c) := 51 ^(2) 

i 

for every c € C. Symbolically we write 

Ac(c) = C(i) (g) C(2) , (Ac«'Idc)oAc(c) :=C(i)(g)C(2)(X)C(3) , ••• 

A coalgebra (C, Ac,ec) is cocommutative if C(i) C(2) = (— l)l'^<i)ll'^'2)lc(2) ® C(i). 

Definition 1.9 ([3G]). A coderivation of a coalgebra (C, Ac,ec) is an endomor- 
phism $ e End r{C, C) such that Ac o $ = ($ ® Id + Id®*) o Ac. The space of 
coderivations is denoted by CoDer (C) 3 

Let {A, niA, Ia) be a graded algebra and (C, Ac, ec) a graded coalgebra. 

Definition 1.10 ([38]). The space IIomM(C, A) is a graded algebra, over the 
graded algebra (C*, AJ.,ec) dual to C, with respect to the convolution product 

F*G:::=^mAo{F®G)oAc F, G e Hom k(C, A) . 

The triple (Hom ^{C, A)^ *, ec) is the convolution algebra produced from A and C 

The importance of coderivations lies in the following fact. The transpose action 
of a coderivation (f> e CoDer (C) is a derivation of the algebra (Hom k.{C, A), *, ec). 
Alternative descriptions of CoDer (C) are important; with some extra assumptions 
this space can be identified with another one. called space of formal vector fields 
(this is the content of Theorem 1.15). 

Definition 1.11 ([38]). A (graded) bialgebra (B, ms, Is, As, es) is a supervector 
space B = Bq + B- which has the structure of a graded algebra {B, ms, Is) and of 
a graded coalgebra {B, As, es) such that A^ and e^ are morphisms of algebras. 
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Definition 1.12 ([■>-^>]). The space 7'(-B) of primitive eZemente of a graded bialgebra 
(S,mB,lB,AB,eB) is defined by 75(5) := {be S|Ab(&) = 1b (E> b + b (g> 1b}. The 
space Horn ^{B,V{B)) is caUed the space of formal vector fields of ViB). 

Definition 1.13 ([38]). An antipode of a graded bialgebra {H,mH, 1h,^h,£h) 
is a convolution inverse 5h G Horn k{H, H) of the identity IAh- A graded bialgebra 
with antipode {H, riin, Iff, Ah, ^h, Sh) is called a Hopf (graded) algebra. 

Example 1.14 ([37, 38]). The universal enveloping algebra of a Lie superalgebra 

U{q) := T{q)I (x®y- (-l)l"ll^ly [x, y] |x, y e 

has a natural structure of a cocommutative Hopf graded algebra. In particular, 
the symmetric algebra 5(g) is a cocommutative Hopf superalgebra. The unique 
extension to U{q) of a derivation D G Der R(0,fl) of g = + is a coderivation. 
Notation: the action of the antipode on u GU (g) is denoted by u i-^ It. 

The space CoDer (iJ) of coderivations of a cocommutative Hopf graded algebra 
{H, rriH, 1h, Ajy, ch, Sh) is identified with the space of formal vector fields. Indeed 

Theorem 1.15 ([3G]). The maps 

Hom r{H, ViH))^ CoDer (H) 

(j)^ C0 := Idn *4> (1-3) 
-.^ (f) * Mh (1.4) 

are bijections satisfying Sh * = cjiC^dn — 4>- Moreover {1.3) = {1-4) whenever 
{H,mH, 1h) is a superalgebra. 

Let (g, [•,•]) be a Lie superalgebra and (C, Acec) a graded cocommutative 
coalgebra. 

Definition 1.16 ([35]). The space HomR(C, g) is a Lie superalgebra, over the 
graded algebra (C*, AJ;,ec) dual to C, with respect to the convolution bracket 

[F,G]:^[-,-]o{F®G)oAc F, G e Rom ^{C , g) . 

The pair (HomR(C, g), [•,•]) is the convolution Lie superalgebra produced from g 
and C. 

1.2. Supermanifold. 

Definition 1.17 ([30, 33, 40]). A supermanifold M of dimension dim7\/ = m\n 
is a pair {Mq,Am) where Mq is a manifold of dimension m (called the body) and 
Am = {Am)q® {Am)i is a sheaf of superfunctions, i.e a sheaf of superalgebras 
such that for all p € Mg there exists an open neighbourhood U 3 p such that 

where denotes the sheaf of smooth functions of Mq. Sections of Am are called 
superfunctions of M. If coordinates {x^} on [/ C Mq are given, the set 

{77'=} ={x\..,x",Ci,..,^„} (1.5) 

is called a set of local coordinates on M. 
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Locally any superfunction / e Am{U) is of the form 

/ = (1.6) 

a 

where Ux\ G C^^(C/) and ^ := A • • • A , « = (ai, ...,«„) € Z^. 

The decomposition / = /o + /y G -4a/([/)q ® ^j\/(C^)T locally given by 

n 

/o= E /"(^''■■'^")^" ' /t= E /"(^''■■'^")^" (|a| :=^a,€Z2) 

|a|=0 |a|=T *=1 

Definition 1.17 implies the existence of a canonical epimorphism, called the evalu- 
ation map, denoted by 

ev : Am ^ C^i, 

whose action on a superfunction (1.6) is given by / := ev(/) = /o 0(2:^: 2:"). 

Example 1.18. The supermanifold R™-" is the pair (R™,ylR™,.) where 

^K'"." :=C^™®A[ei,...,^„] . 

Example 1.19 ([5]). Let Mq be a real smooth manifold of dimension m, E a, rank 
n vector bundle over Mq and A{E) the associated exterior bundle. The sheaf 

U ^AMiU) ■.^T{U,A{E)) 

defines a supermanifold M ~ {AIo,Am) of dimension m|n. Supermanifolds of this 
form are called split and arc Z-graded. Every real smooth supermanifold is non 
canonically isomorphic to a split supermanifold. 

1.3. Morphism of supermanifolds and tensor sheaf. 

Let M — {Mq,Am) and N = {No,An) be two supermanifolds. 

Definition 1.20 ([-Sd]). A morphism cj) £ Mor {N, M) is a pair (f) — {(po, cj)*) where 
(/)o • -^0 ~^ Mq is a smooth map and 0* : Am ~* {4'o)*An is a morphism of sheaves 
of superalgebras over Mq called the pull-back. A dijfeomorphism is a morphism 
(f) = (00, 0*) such that 0o is a diffeomorphism and 0* is an isomorphism. 

Every morphism = (00, 4'*) € Mor (N, M) is uniquely defined by the pull-back 
4>* : A{M) — > A{N) on global sections of the structure sheaves ([30]). 

Example 1.21. The evaluation map 

ev : ^(A/) ^C°°(Afo) 

/^/ 

defines the canonical embedding := (i(iMo,ev) of the body (Mo,C^^) inside the 
supermanifold {Mq,Am) while, for every p £ Mq, the evaluation at p 

evp : A{M) — > M 

/ ^ hp) =■■ f{p) 

defines the canonical embedding p = (po,cvp) e Mor (IR'^'*',M). Recall that a 
superfunction / £ A{M) is not determined by its values f(j>), p £ Mq. For every 
fixed supermanifold TV, denote by p e Mor (N,M) the constant map p € Mq, i.e. 
the composition of p e Mor (M"'°, M) with the unique element of Mor {N, R°'°). 
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Example 1.22 ([33]). A morphism = (</)o,0*) e Mor (R™'",R'"'") is uniquely 
defined by the formulae 

and is a change of coordinates whenever it is a difFeomorphism. 

Example 1.23 ([22, 33]). The structure sheaf of M x is the completion 
Am ® An of Am® An with respect to Grothendieck's 7r-topology. The embedding 
A{M) C A{M) X A{N) defines the projection of M x onto M. 

The sheaf DerAn of derivations of Am over M is a sheaf of left Am- 
supermodules: DctAm ~ [DerAM)-)® {DerAM)-, where for a G Z2 

{DerAM)o. {x G End^{AM,AM)o.\X{fg) = X{f)g + {-IT^^^ f X{g)} . 

Definition 1.24 ([4()]). The sheaf Tm := DctAm is called the tangent siieaf of 
the supermanifold M = [Mq^Am). The sections of Ta/ are called vector fields. The 
cotangent sheaf is the sheaf T^j := Homy{j^j{TM , Am)- The tensor sheaf (Br, s{TmYs 
is the sheaf of graded algebras generated by tensor products (graded over Am) of 
Tm and T^j . Its sections are called tensor fields. 

Example 1.25. A metric on M is a non-degenerate symmetric even field g : 
Tm ® Tm — *■ Am «-e. a tensor field of type (0, 2) satisfying 

(Non degeneracy) The map X — ^ .9 (A, •) is an isomorphism Tm T^[^ 

(Symmetry) g{X,Y) = (-l)!^ll^l9(r, X), 

(Parity) |<7(X, r)| = |X| + |r| . 

The tangent sheaf Tm is a sheaf of Lie superalgebras with respect to the bracket 

[A,y] :=Xor- (-i)i-^ii^irox x,y (=,Tm{u) (1.7) 

Any coordinate system (1.5) gives rise to basic even and odd vector fields 
whose action on (1.6) is 

dj_ _ dfa(x^ ,..,x"') 

^ = Eo a,(-l)"^+-+"-Va(x\ ..,x™)er^ A • • Ae;^r A A • • A^" ■ 

1.4. Even- value and odd- value. 

Let Am.p denote the stalk of the sheaf Am at p £ A/q. 

Definition 1.26 ([33]). The tangent space TpM (TpM)^® {TpM)j at p G A/q is 
the supervector space of dimension dimM ~ m\n defined by 

TpM := {X e Hom r(^m,p,K) | X{fg) = X{f)g{p) + f{p)X{g)} . 

Elements of TpM are called tangent vectors and 

TM := Up<.MoTpM = Up^MoiTpM)^ + UpeMo{TpM)- =: (TA/)^ + {TM)j 

is a graded vector bundle on Mq called the tangent bundle of M. The canonical 
isomorphism {TpM)^ = TpAig gives the canonical identification (TA/)q = TMq. 
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Definition 1.27. Let X E Tm{U) be a vector field on U 3 p. The tangent vector 
X\p := evpoX : Am.p ^ M is called the value of X at the point p. The assignment 
U 3 p^ (^lp)o e (TpM)^ = TpMo is a well-defined vector field X^ e Tmo(C/) of 
Mo called the even- value of X. The assignment U B p i-^ {X\p)y £ {TpM)j is a 
well-defined section Xj G r(C/, (rA/)Y) of {TM)j called the odd-value of X. 

Denote by 

evo:TM((7)^r([/,rMo) 

X^cv^X:^X^ (1.8) 
evT:rM(C/) ^r(C/,(TAf)T) 

Xk^cv-Xi^Iy (1.9) 

the operators which send a vector field X g Tm{U) to its even and odd values. 
Note that (1.8) and (1.9) do not uniquely determine X and that (1.8) is not a Lie 
superalgebra morphism, unless dimM = m|0. The above definitions are naturally 
extended to arbitrary tensor fields T G T^{M). The tensor space at a point p € Mq 
is denoted by ©...TpAfJ 9 T\p and T(Xi, X«)|j, = T\p{Xi\p, ...,Xs\p) for aU 

er(M). 

1.5. (/)-vector field. 

Let = ((/)o, (/)*) G Mor (TV, Ad) be a morphism of supermanifolds. 

Definition 1.28 ([^]). A (/)-vector field on [/ C A/q is a linear map 

X : Am{U) ^ An{^^^U) (1.10) 

such that its homogeneous components satisfy 

X{fg) = {XfWig) + i-l)™ cf>*{f){Xg) 

for all /, _g G ^j\/([/). The associated sheaf over A/q is a locally free sheaf of left 
((/)o)*-4Ar-supermodules of rank dim A/. Any X G T,p{U) can be uniquely written 
in coordinates (1.5) as 

^ = E ■ (<^* ° a^) e ^A^('/'o"'t^) (1-11) 

Definition 1.29. The differential 0, : r(iV) ^ X/.(M) is defined by 

T{N) 3 Y ^ (f>,Y -.^ Y o (/)* e %{M) . 

Two vector fields X G T(A/), Y G T(iV) are (j)-related if = 0* o X G T^(A/). 
The differential (/),,p : TpiV ^ T^g(^p-^M at the point p G -/Vq is defined by 

TpN 3 V ^ V o <p* e T^,(^p)M . 

The morphism </> is an immersion (resp. submersion) at p G Nq if (/)h._j, is injective 
(resp. surjective). For the local description of these see [33, 40]. 

If </) is a diffeomorphism the notation (j)^,Y := {(j)~^)* oY ocj)* G T{M) is used. In 
particular, there exists a natural action of the group of diffeomorphisms Aut (M) 
on TJ'{M). The pull-back (t)*T G T,(7V) of a covariant tensor field T G Ts(Ar) under 
(f) = (00,0*) e Mor (7V,M) is easily defined using Definition 1.29 and (1.11). The 
usual functorial property holds. 
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Lemma 1.30. Let 4' = {tpo,ip*) G Mor {L,N) and (j) = {(j)o,(l)*) £ Mor (TV, A/) be 
morphisms of supermanifolds. For all families of vector fields {Yt} C T[N) and 
{Zi} C T(L) satisfying {(j) o ip)^(Zi) = tjj* o o 0*, we have that 

V/((rr)(yi,...,K,.)) = ((0ov.)*r)(Zi,...,z,,) 

1.6. Lie derivative. 

For every vector field Y S T{N) there exists a unique derivation Cy of tlie tensor 
slieaf ©r.s(Tiv)s commuting with contractions and such that 

CY{f)^Yf , CyX^[Y,X] 

for every / G A{N) and X G T{N). 

Definition 1.31. The representation C : TJv Q^wl{{'^n)'s) is called Lie derivative. 

Let {i^ij^ff be a set of vector fields on a supermanifold N ~ {Nq,An) of di- 
mension dimiV = m\n such that Spanjj[Yi|p, .., Yj\p\ ~ {TpN)j for every p G A^o- 

Lemma 1.32. A tensor field T G T{N)l on N satisfying 

i) T\p = for every p G iVo, 

ii) (-Cy.^ • • • ^Yi-^ iT))\p — for every p G iVo and I < k < n 
is zero. 

Proof. See the Appendix. □ 

If y o 0* =0; the Lie derivative of a (/)-vector field X G T^{M) is defined by 
CY{X):=YoXeT^{M) . 

2. LlE-KOSTANT-KOSZUL THEORY OF SUPERGROUPS 

There are various approaches to the theory of Lie supergroups. Subsection 
2.1 deals with the categorical approach, i.e. a Lie supergroup is a group object 
G = {Gq.Aq) in the category of supermanifolds. Subsection 2.2 describes a more 
algebraic approach. The notion of super Harish-Chandra pair [Gq^q) is introduced 
and, following the ideas of [6, 31], it is recalled how to explicitly reconstruct the 
structure sheaf of a Lie supergroup, together with its Hopf supcralgebra structure. 
Lie supergroups are thus equivalent to a global even part together with an infini- 
tesimal odd part and, for this reason, most of the results in Lie supergroup theory 
find their natural setting here. This approach is refined in subsection 2.3 where an 
important, more geometric picture is described. Here the behaviour of odd infin- 
itesimal symmetries is better understood and some new formulas related to it are 
obtained. 

2.1. Lie supergroup. 

Definition 2.1 ([4(J]). A supermanifold G ~ [Gq^Ag) is called a Lie supergroup if 
there exist morphisms of supermanifolds 

m ^ {mo,m*) : G y. G ^ G , i ^ {io,i*) : G ^ G , e = (eo, eve) : R"'° ^ G 
satisfying the usual axioms of associativity, identity and taking inverses: 
i) m o [idc X m) = m o (to X ida) : G x G x G — > G, 

ii) TO o {idc, e) = mo (e, ida) = idc ■ G — > G, 

Hi) TO o {idc, i) = TO o (i, idc) = e : G — > G. 
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An equivalent definition is that the infinite-dimensional superalgebra A{G) has 
a structure of (completed) Hopf superalgebra. 

Definition 2.2 ([30]). A supcrmanifold G = {Gq,Ag) is called a Lie supergroup if 
there exist morphisms of superalgebras 

Comultiplication to* : A{G) — > A{G) <S) A{G) , 
Counity eve : A{G) — > R, 
Antipode i* : A{G) — > A{G), 
satisfying the following axioms 

(Id ®TO*) o TO* = (m* (g) Id) o TO* : A{G) A{G) ® A{G) (g) A{G) , 

(Id(g)eve) o TO* = (eVe ® Id) o to* = Id : A{G) — > A{G), 

rriAa ° (Id(8)i*) o to* = to^^ o {i* (g) Id) o m* ^ cvg : ^(G) — > M C A{G). 

Note that Definition 2.1 and Definition 2.2 reduce to the definition of Lie group 
if dim Af = to|0. In general the body (Go, toq, zq, gq) is a Lie group. 
For every g G Gq left/right translations by g are the diffeomorphisms 

Lg:G'^{g}xG^GxG^G , Rg : G ^ G x {g} ^ G x G ^ G 
whose pull-backs on global supcrfunctions are 

LI : AiG) — > AiG) , R*g : A{G) — > AiG) 

f^{cvg(g>ld){m*f) f^iU(g>eVg)im*f). 

The map Rgo ■ Go ^ Aut {A{G)) (resp. Lqo ■ Go Aut (AiG))) defined by 
Rcoig) ■= R*g (resp. Lcoig) L*) is a group (resp. anti-) homomorphism. 

Definition 2.3 ([4U]). A vector field A e T{G) on G is said left (resp right)- 
invariant if 

(Id g)A) o m* =m* o A (resp. {A (g Id) o m* = m* o A) (2.1) 

The Lie superalgebra g = Qq + Qj (resp. fl = flg -|- Qj) is the supervector space of all 
left (resp. right)-invariant vector fields on G with bracket (1.7). 

Lemma 2.4 ([^n]). Let G = {Go,Ag) be a Lie supergroup with Lie superalgebra 
= 00 + 0-. The evaluation of a left-invariant vector field at the point e € Go 

0^TeG , A^A\, 

is an isomorphism of supervector spaces. The inverse map is given by 

TeG — > , V Ay :^ (Id iSiv) o to* 

A similar result holds for the right-invariant vector field yA € q. 

If A G 0g, the even value cvq-o A is a left-invariant vector field on Go. Note that 
invariance by left translations with respect to Go is not equivalent to (2.1): 

Lemma 2.5. A vector field A G T{G) on G is left-invariant if and only if 

L*goA = AoL*g , CbA = (2.2) 

for all g G Go and (odd) i? G 0. 
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Proof. Let A be a left-invariant vector field, ft is easy to show that it satisfies 
equations (2.2). Conversely suppose A G T{G) satisfies (2.2) and consider the left- 
invariant vector field Ay associated with v := A\e € TeG. The vector field A ~ Ay 
satisfies the hypothesis of Lemma L32 and then A ~ Ay. □ 

The sheaf of derivations of a Lie supergroup is trivial. 

Lemma 2.6. The sheaf of derivations Tq of a Lie supergroup G is globally trivial; 
more precisely Ag ® ~ Tq ■ 

Proof, ft follows directly from Nakayama's Lemma ([40]). □ 
2.2. Super Harish-Chandra pair. 

An important equivalent way of defining a Lie supergroup is the following. 

Definition 2.7 ([.'>()]). A pair (Go, fl) consisting of a Lie group Go and a Lie super- 
algebra g = 00 + g- is a super Harish-Chandra (shortly sHC) pair if = go 
and if there exists an adjoint action, i.e. a morphism of Lie groups 

Ad : Go — > Aut (g) (2.3) 

such that Ad : Go — > Aut (g^-) is the usual adjoint action and 

ads v4 = ^|t=o Adexp(ti3) A 
for every A G g and B G gg. 

Theorem 2.8 ([:>()]). Any Lie supergroup G = (Go,^g) defines a sHC pair (Go,g) 
where 

Ad : Go — > Aut (g) , g ^ kdg (A ^ i?; o A o i?*_i) . 

The associated correspondence (Go,-4g) — > {Go^q) is a bisection between the sets 
of Lie supergroups and of sHC pairs. 

Due to Theorem 2.8, Lie supergroups and sHC pairs are synonymous for us. 

Example 2.9. Denote by W''^ the vector space endowed with the standard 

inner product (•, •) of signature (r, s) and by 

Spin" , C Spin^_, C Cl^_, C (Cl^,,, •) , W^" C Cl^,« 

the inclusions of the (connected) Spin group inside (the even part of) the Clifford 
algebra (Cl^^s, •) and of R''-* inside Cl^^s- The 2-fold cover ^ : Spin^ ^ SO^^s 

e(.g) : -> 

V y-^ g ■ V ■ g~^ g G Spin^ ^, v G W'^ 
is the vector representation of Spin^ ^. It induces an isomorphism of Lie algebras 

where vi,V2 G W''^ . The real spin representation is the restriction to the spin group 
Spin,, g C Clr.s of an irreducible real representation of the Clifford algebra Clr,s 

Ar^s ■■ Glr,s End k(5') . 
The spin representation Ajspin '■ Spin^ ^ —f End ^(5*) is either irreducible or it 
decomposes into a sum of two irreducible representations depending on r— s mod 
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8 (see [32] for details). The Poincare' Lie superalgebra g(T) = flg + 0y associated 
with a spin^ ^-invariant symmetric bilinear map 

r : S W S ^ W^'"" (2.4) 

is given by the Poincare' algebra 

00 = spin^^, (£ W'' 

as the even part, the odd part Qj = S considered as a gp- module via 

[A, s] := Ar,s{A)s , [W'', S] := Ae spin^^,, s e S 

and a bracket [•,•]: 5 V S" ^ W^'^ given by (2.4). The associated Poincare' Lie 
supergroup is a sHC pair (Go, g), where 

Go = Spin^ ^ K W'^ , g = g(r) = (spin,^, (£ W'') + S 

and the morphism Ad : Go — > Aut (g) is defined, for g G Spin° ^ and v G W''^ by 

Adg(A + w + s) {g ■ A ■ g^^ + g ■ w ■ g^^ + Ar,s{9)s) 

Ady{A + w + s) := (A - £,^{A)v + w + s) 
where A G spin^ w G M'"'^ s G S. 

[6, 31] show how to reconstruct, from a given sHC pair (Go,g), the structure 
sheaf of the associated Lie supergroup, together with its Hopf algebra structure. 
Note that the representation of g^- as left-invariant vector fields of the Lie group Go 

^o:go^r(Go) (2.5) 

defines a structure of sheaf of left Z//(gg)- modules on C°° := (C^g,mcg= , leg" ) and 

that the universal enveloping algebra (W(g), rnm^g-^, ^u{g)i ^w(b)i '^w(b)) 
natural structure of left Z^(gg)-supermodule given by the embedding U{Qq) C Z^(g). 

Theorem 2.10 ([0, 31]). The structure sheaf Ag of the Lie supergroup {Go,Ag) 
associated with a sHC pair {Gq,q) is the sheaf of convolution algebras given by 

U ^Ag{U) ■.= Romu(s^){U{2),C^{U)) , F^* F2 -.^ mc^. o {F,(g> F2)o A^,^^^ 
where Fi, F2 G Ag{U). The embedding U{Qq) C U{g) induces the evaluation map 
Ag [U] = Hom u[,^) {U{q),C^{U)) ^ Hom u(,^) (Z^(0o) , {U)) - C°° {U) 

F^F{lu(,)) . 

The structure of Hopf superalgebra of A{G) is given by the algebra morphisms: 

1) Comultiplication m* : AiG) ^ AiG x G) , F^ m*F 

(m*F)(u (g) v){g, h) := F((Ad,,-i u) ■ v){gh) 

2) Counity eve : A{G) ^ R , F^ cy^F 

eveF F{lui,))[e) 

3) Antipode i* : A{G) A{G) , F^i*F := F* 

F*{u){g) F{AA,u){g-^) 
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where Ad : Go —>■ Aut (U{q)) is the unique extension of (2.3), e g Go is the unity 
of the Lie group Go and w, v e IA{q), g,h Cz Gq. The Lie superalgebra morphism 

(^:g^r(G) , ^{a)F:^{u^{~iy''\F{ua)) (2.6) 

is the representation of g as left-invariant vector fields of the Lie supergroup G. 
The right-invariant vector field associated with a G g z,s given by 

A{G) 3 F ^ {^{a)F*)* eAiG) 

so that the Lie superalgebra anti-homomorphism 

ip:g^T{G) , ^(a)(^^)H(g) = (-l)l^ll'^lF((Ad,-. a) • (2.7) 

is the representation of g as right-invariant vector fields of the Lie supergroup G. 

Remark 2.11 ([-V)]). The previous construction can be generalized to associate 
with any gQ-manifold {i.e. a manifold Mq with a representation ipo ■ 9o ~^ T{Mq)) 
a supermanifold M = {Mq,Am) with a representation : g —> T{M) such that 
evQ-o ip\g_ = ipQ and evp o ip\g_ : qj — > (TpM)j is an isomorphism for every p G Mq. 

For the sake of completeness, here is how to reconstruct a morphism of Lie 
supergroups from the associated morphism of sHC pairs. Let (Go,g) and {Hq, [}) 
be two sHC pairs and, for simplicity, assume that Go is connected. A morphism 
: g — > I) of Lie superalgebras whose even part integrates to a morphism of Lie 
groups (j}Q : Go ^ Hq defines a morphism of Lie supergroups 

(/)* : AiH) ^ A{G) 

given by 

{rF){u){g) ■.^F{<j>u){M 
where F e A{H), u e U{g), g G Gq. 

2.3. Koszul theory. 

Theorem 2.10 gives a very elegant way to reconstruct the Hopf superalge- 
bra structure of a Lie supergroup G from its sHC pair (Go,g). On the other hand 
the structure sheaf of a Lie supergroup is trivial and thus, in particular, Z-graded. 

Theorem 2.12 ([31]). Let G be a Lie supergroup and g = go + 0T superal- 
gebra. There exists a canonical isomorphism Ac = (S A(gy) 

Proof. It is important that for any ai, Op G g- 

1 ■ Hdi) ^^{9) , ai A • • Aop h-> ^ ^ sgn(cr)a<^(i) • • • a^(p) 

is a homomorphism of coalgcbras. This implies that 

7 : U{Qq) ® A(g-) — > U{q) , u(E)v^~*u- 7(7;) (2.8) 

is an isomorphism of coalgebras and of left Z//(gQ)-supermodules (see Theorem 2.22). 
Thus 

Ag{U) = Romuis^){U{g),C^{U)) ^ Hom u{A{qj),C"° {U)) 

F Fo7|A(g_) = i^o7 =: / 
is an isomorphism of convolution superalgebras. The superalgebra identification 

Hom u{A{sj),C^{U)) ^ C°°(C/) ^ Aisj)* ^ C^{U) ^ A(gl) 
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shows that G = {Go,Ag) is a spht supermanifold with respect to the (trivial) vector 
bundle Go x Qj over Gq. Recall that, due to the rule of signs of supergeometry, the 
last isomorphism A(gY)* — ^(0-1) is given by 

(ai A • • AapY ^ (-l)^^-^^^/^^* A • • Aa; 

for ai, ap G Q-. □ 

The algebra isomorphism 

^G(f/)=C°°([/)®A(0±) (2.9) 

can be used to construct a canonical embedding of superalgebras 

C°^{U)^C°^{U)^A{g^)-AG{U) (2.10) 

Given a smooth function / e C°°{U), the corresponding superfunction / G Ag{U) 
(denoted by the same symbol, by abuse of notation) is uniquely determined by 

f{luis)) = .feC°-{U) , f{lm^-muis)) = (2.11) 

In particular, for every ai,a2 G 

/(ai) = , /(2ai-a2)-/([ai,a2]) = </'o([ai,a2])/GC°°(t/) 

and for every G G Ag{U) and ai, ap G A(gY) 

(/ * G)(7(ai A • • Aflp)) = / • G(7(ai A • • Aup)) = / • g{ai A ■ ■ Aup) . 

Corollary 2.13. For every g,h€ Gq, u G U{q) and F G -4(G) 

{LlF){u){g) - F{u){hg) , 

{RlF)[u){g)^F[kAn-^u){gh) . 

The antipode, left and right translations with respect to Gq preserve the Z-grading 
of Ag and, in particular, the embedding (2.10). 

Proof. The first part of the Corollary is a straightforward consequence of Theorem 
2.10. The last assertions follow from the equations 

Adh07 = 7oAd,, , 7(ai A • • Aflp) = (-l)*'7(ai A • • Aop) 

where /i G Go, ai, .., Cp G gy- 

We want to understand how the representations (2.6) and (2.7) are translated 
with respect to the canonical isomorphism Ag — Cqo ^(Sy''' results have a 
geometric role in some applications discussed in section 5. An explicit formula for 
left-invariant vector fields is recalled ([12, 31]). An analogous formula for the right 
invariant ones, which to the best of our knowledge has not been described in the 
literature, is obtained using the results of [12, 35]. The restrictions of the represen- 
tations (2.6) and (2.7) to Qq are compared to "trivial extensions" in subsection 2.4 
while the restrictions to gj are more complicated to handle and they are studied in 
subsection 2.5. 

Notation: The representation of Qq as right-invariant vector fields of the Lie group 
Go is denoted by 

ipo-.Qo^T'iGo) (2.12) 
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2.4. Even symmetries. 

The algebra isomorphism (2.9) can be used to construct a canonical em- 
bedding of Lie superalgebras 

Tg„{U) ^ Der A(g*) (C°°([/) ® A{d^)) C Der k(C°°(C/) ® A{q^)) = Tg{U) (2.13) 

Given a vector field X G Tq^{U)^ the corresponding vector field X e Tq{U) (de- 
noted by the same symbol by abuse of notation) acts trivially on C C°°(Mo) (2) 
A(gi.). Composing (2.13) with (2.5) and (2.12) construct two representations 

^0 :0o--DcrA(B.)(C°°([/)®A(fll)) , : So Der A(g*) (C°°(C/) ® A(0^)) . 

It is not difficult to see that 

^Ibo = ^0 : 00 ^ T(G) 

while, for every a G 

i^(a)|c~ = <y9o(a) , (^(a)(0i) = (^(a) = (^o(a) [a,0T] = • 
This behaviour is described in more detail in the following two Propositions. 

Proposition 2.14. The representation (p\^- : gg Der k(C°°(J7) ® A(gi)) satisfies 

(p{a) = (po{a) 

for every a G 0q. In particular it preserves the Z-gradation of C°°{U) (8i A(gY). 

Proof. Straightforward consequence of (2.7) and the definition of the sheaf Ac- 
□ 

Proposition 2.15 ([HI]). The difference between ip\g- : Der R(C°°(J7)(g)A(0l)) 

and ifa : Qq ^ Der A(g^){C°°{U) ® A(g|-)) is given by the formula 

p 

[(p{a){f) - Lpo{a){f)]{ai A • • Aa^) = - ^ /(ai A • • A[a, a;] A • • Aa^) 

1=1 

where a G flo"; o-ii'-iOp G 0t '^'^'^ / ^ Hom i{(A(gY)iC°°(?7)). T/ie representation 
: 00 ^ Der m(C°°(C/) (g> A(0l)) preserves i/ie Z-gradation ofC^iU) (g) A(0l). 

The following example clarifies the situation. 

Example 2.16. We reconstruct the Poincare' Lie supergroup G associated with 
the sHC pair (Go,0) of Example 2.9 in signature (1,2). Recall that 

Spin°_2 = SL(2,R) 

and that the spin module S' is a 2-dimensional real vector space 5 = [[sq, si]]. The 
vector representation of SL(2, M) on R^'^ = [[eo, ei, 62]] is the adjoint representation 
via the identification of vector spaces endowed with a quadratic form 

(Ri^^ (•,•)) ^ (s[(2,R),det) 

given by 

^"-(-1 0) 0) ^^-(0 -1) • 
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An element of Go = SL(2,]R) k M^'^ denoted by {g,v) e SL(2,]R) k M^'^ Fix 
an s[(2, R)-invariant symmetric bilinear map F : S V S ^ M^'^ and denote by 
g = g(F) = 00 + 0Y = ^) € K^'^) + S the Poincare' Lie superalgebra with 



[Sa,Sf3] := F^^Cfe 



for 0<a,/3<l,0<A:<2, where we have used the Einstein convention, which is 
used throughout this example. An element of g is denoted by {A, w, s) G {5l{2, R) £ 
+ S where 



For every < i,j < 1, denote by 



„fe 



: SL(2,]R) ^ M x" 
\9o 9iJ 

the coordinates of SL(2,M) and M}-"^ . The following linear maps (recall (2.11)) 

: A(5) ^C°°(SL(2,M)) ; : k{S) ^ C°° {R}-'^) ; s" : A(S') ^ R 

l^y] 1 ^ ^ <5^ 

A'^''(5)-^0 A'^"(5)^0 A'^i(5)->0 

are coordinates of G. The Z-/(gQ) -linear maps from U{q-^) ® A(5') to C°°{Gq) are 
denoted by the same letter j/^ , .t'"', s", while the associated superfunctions by 

r;,A^5" e^(G) =Hom^,(,^)(Z^(0),C°°(Go)) . 

Recall that =Y-o^^x^= A'' 07, s" = S'"o7. The representation Lp : q ^ T{G) 
of the Lie superalgebra g = s[(2, R) C M^'^ + S* as left-invariant vector fields of G is 

d 

ip{A) = ipQ{A) - a'^s'^— , ip{w)=tpo{w) 

d 1 

= - 2«''V'o(r^,,efc) 

while that as right-invariant vector fields ip : g T{G) is 

d 1 

(^(A) = (^o(^) , ^(u') = <^o(^«) , v{s0) = y'l{g-^)[~-^ + -s'iipo{T''^^ek)] 

where < 77 < 1. We calculate the comultiplication and the coinverse for the Lie 
subsupergroup of G given by the sHC pair (R^'^,R^'^ + 5). By definition 

TO*(a;'') m*(A'') o (7 (g) 7) , 

i.e. 

m*(x'=)(r ® t){vQ,Vi) = A'=((Ad_^„, 7(r)) • 7(t))(i;o + ^'i) = 

A'=(7(r) • -i{t)){vo + vi) = a;^(7-i(7(r) • -i(t))){vo + vi) 

where r, i G A(S') and vq^vi G M}'"^ . The computation of ^^^{'^{r) ■ 7(i)) implies 
that 

m*{x*')=ml{x^)®l+]^ r^^®(s„®s^)* e C°°(Ri-2+Mi'2)®(A(5)®A(5))* . 

0<a,/3<l 
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Denoting by i?" € C°°{E.^-'^) ® A(5*) and e C°°{R^'^) ® A{S*) global odd co- 
ordinates on two copies of the Lie supergroup (R^'^,M^'^ + S) we get the common 
forms of comultiplication and coinvcrse in the mathematical physics literature 

i*ix'') = -x'' , z*(s") = -s" . 

2.5. Odd symmetries. 



2.5.1. Introduction. 



[12, 35] give a proof of Koszul's Theorem 2.29. The arguments involved in 
the proof are briefly recalled and then Theorem 2.30 proves an analogous formula. 
Recall that the symmetric algebra S{q) of g has a natural structure of a Z-graded 
cocommutative Hopf superalgebra (^(g), ms(g), ls{s}^ ^s{s},<^s{b)'^s{0))- 

Definition 2.17 ([12, 35]). Let {A,mA, 1a) be a graded algebra. The convolution 
algebra Hom R(S'(g), A) is the space of formal functions on g with values in A. 
The algebra A is embedded as the subalgebra of Hom i{(5'(g), A) which consists of 
constant functions 

a : 1 1-^ a 
5"(g) i-^ if 71 > 

where a Q A. 

An analogous definition of constant formal vector fields can be given for the 
convolution Lie superalgebras g^, := Hom i{(S'(g), g) and Qy := Hom R(A(gY), g). 

Definition 2.18 ([12, 35]). The map x £ Qx defined by 

S\q)=q'^Q , S-{g)-.0 (n^l) 
is the generic point of g. Its restriction y £ 5y to A(gY) 

A'(gT) = 0T'-0 : A"(g-)^0 (n^l) 
is the generic point of Qj. 

For every n G N the map (adx)" : g^, ^ g^; is a S'(g)*-linear morphism of g^. In 
particular, for every a e g C g^ the map (ad a;)" (a) : S{g) ^ g is given by 

[±Lse5:^ ada^(i) o • • oadas(p)(a) ^ " 

where ± is given by the rule of signs in supergeometry. An analogous formula holds 
for the generic point of gy. A formal power series in the even variable t is denoted 

by 

-\-oc 

f = Y.f,fem]] ■ 

1=0 

The following definition makes sense due to equation (2.14). 
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Definition 2.19 ([12, 35]). We denote by /(ada;)(a) e Qx the formal vector field 

/(ad a;) (a) := /qo + /i(ada;)(a) + f2{adxf{a) + ■ ■ ■■ 
where a e g. The associated coderivations of 8(2) are denoted by 

c/(ada;)(a) := Ids(g) * /(ada;)(a) , f{adx){a)C := f{£idx){a) *lds{g) ■ 
[35] investigates for which power series / € R[[i]] the set made up of the maps 

^ CoDcr (5(0)) 

a C/(ada;)(a) (2-15) 

is a universal (in a functorial sense, see [35] for the precise meaning of this assertion) 
representation by coderivations in the category of Lie superalgebras over M. 

Definition 2.20 ([12, 35]). Let c e R be a real number. The power series fc G M[[t]] 
is defined as 

Co ~ 1 

when c e M - {0} and 

Mt) = Mt) -t e m]] 

when c = e M. 

Any power series fc G ]R[[t]] gives rise to a universal representation (2.15). Denote 

by 

:Z^(0)^EndR(5(0)) , 
the unique extension of this representation to an algebra morphism from U{g). 
Denote by the same symbol the associated map $c -l^iQ) <E) 8(2) — > 'S'(0). 

Definition 2.21 ([12, 35]). The map 

$c(l):Z^(0)-5(0) , u^^'^il) 
is called the symbol map associated with the power series fc G K[[i]]. 

Theorem 2.22 ([35]). The inverse of the symbol map $i(l) is the symmetrization 
^■.8{q)^U{q) 

7(01 ■ ■ ■ ap) = ±— ^ 0^(1) ■ ■ ■ as(p) ai ■ ■ ■ Up e 8''{g) 

where ± is given by the rule of signs in supergeometry. The map 7 commutes with 
endomorphisms and derivations of and it is an isomorphism of coalgebras. 

Corollary 2.23 ([35]). For all a € q 

1) 7^1 o ad(a) o 7 = <I)g 

2) 7-ioL,o7 = $? 

3) 7"'°^a07 = -$^i 

where ad(a), La, Ra S EndR(Zi(0)). 
Proof. 

1) The derivations ad(a) of U{q) and $q of 8{q) are extensions of the derivation 
ad(a) G Der (g) of 0. 

2) For every h £ S(0), 7-1(0 • l{h)) = <^r''^\l) = o $7'^\l) = $?(&). 

3) The previous cases give 7"^ o i?a o 7 = - $S = -$"1. □ 
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It follows that (2.8) is a coalgebra isomorphism, where Z^(0o) (E) ^{Qj) has the 
tensor product Hopf-algebra structure. 

For every c e M — {0}, denote the formal power series oit-coth{i-) and th{^) by 



p,{t) t ■ coth{-) ^c + Y. ^2» ,2„-i(2„), e 

n— 1 ^ ^' 



n— 1 ^ ' 

where {&p}pgp^ is the sequence of Bernoulli numbers. For a G Qj, denote by 
a" :=pc(ady)(a) G Hom R(A(gY), St)! 

and 

6*° qc(ad?/)(a) G Hom k(A(0y),0o)y 
the formal vector fields given by 

a" : ai A • • • A a2p i-^ E -^"T]- sgn(s) ada^(i) o • • o adas(2p)(a) 



and 



6 f2^P^^ — 2) 

9i : fli A • • • Aa2p_i i-> ^ V sgn(s) ada^(i) o • • o adas(2p_i)(a) 



2.5.2. Koszul's th 



eorems. 



[12] proves the following 

Theorem 2.24 ([12, 31]). For every a € QJ' coderivation of U{Qq) ® K{qj) 
induced by Ra G CoDer r(Z^((;)) via the isomorphism (2.8) is given by 

7"^ o i?„ o 7 = 

[-(mi^(g_) (g) Id) o {U®91 ® Id) + (Id(»mA(B^)) o (Id(g)a? ® Id)] o (Idj^(g_) ®AA(g_)) 

The aim is to prove an analogous result for the coderivation La G CoDer s^{U (g)). 
First, we prove the following structural result. 

Proposition 2.25. For every a G Qj, the coderivation ofU{2o)^M9T) induced by 
La G CoDcr {U{q)) via the isomorphism (2.8) satisfies 

T' ° ° l\Ais-) = ® ^'^) ° ^A(j^) + mA(g_) o (e"^ ® Id) o Aa(,_) (2.16) 

/or some 9'^ G Hom b(A(0y): 0o) ^"'^ ^ Hom r(A(0y): St)- 

Proof. For every a G gji Theorem 1.15 applied to the coderivation 7^^ o o 7 G 
CoDer (Z^(0o) CS" A(g-)) implies that 

7-1 O L„ O 7 = TO;^(g_)55A(g_) O {9" (g) Id +e° «) Id) O A;^(g_)^A(B-) 

for some e° G Hom R(Z^(go) (g) A(flY), 0t) and 6*" G HomR(Z^(go) (g A(0-), 0q). It is 
then sufficient to restrict the equality to A(gY)- D 

Now we determine 0° G Hom r(A(0y), flo) ^^'^ ^ Hom r(A(0y), 0t)- ^ naive 
idea could be to obtain results analogous to part 1) of Corollary 2.23. Unfortunately, 
the map (2.8) does not commute with the odd derivations of g, and in particular 
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with the adjoint action of an element a e gj. It turns out that handhng the 
antipodes of U{g), U{Qq) and A(gY) is useful to obtain what we are looking for. 

Lemma 2.26. For every a £ gj 

^^Uis) ° Ra° Suis) La ■ 

The map induced by the antipode (^^^(g) ofU{g) via the isomorphism (2.8) is given 
by 

Su{g) 07 = 7° (Id «)$o) o i^Uie^) ® Id ^f^ACBT)) ° i^U{g^) ® Id) 

Proof. The proof of the first assertion is straightforward. The proof of the second 
assertion consists of repeated applications of 

7(ai • • • ap)ui = ua{ai ■ ■ ■ Op) - 7($o' («! ' ' ' ^p)) 

to the equation 

Su{b) o 7("i ■ ■ ■ Un(^ ai ■ ■ ■ Op) ^ (-l)^+"7(ai • • • ap)u„ ■ ■ ■ ui 
where Ui G Qjj for i = 1, .., n and Oj G Qj for j = I, ...,p. □ 

Denote the formal power series of pi(t) + tqi{t) = t ■ {coth{t) ~ th{^)) by 

e(t) := t ■ {coth{t) - tM2)) = E ^, ^ ^ M[M] . 

For a £ Qj, denote by 

:= e(ad?/)(a) G Hom R(A(g-), g-)Y 

the formal vector field given by 

A A &2p(-22p+i + + 2) 
e : ai A • • • A a2p i-> 2^ —-- sgn(cr) ad a„(i) o • • o ada„(2j,) (a) 

(2.17) 

Theorem 2.27. Jor every a G gy? restriction to A(gY) of the coderivation of 
'U.{Qq) ® h.{Qj) induced by La G CoDcr {IA{q)) via the isomorphism (2.8) is given by 

7"' ° La o 7|^^^_^ - {61 ® Id) o AA(a_) + mA(5^) o (e" ® Id) o AA(g_) 
where e° G Hom R(A(gY), 0y)t given by (2.17). 
Example 2.28. For every a, 01,02 G gY 

a7(ai • 12 ) = - 77 [ai , [02 , a]] + 7 [a2, [fli , a]] + 7(0 • ai • 02) + ^ [ai , a]a2 - [a2, a]ai . 
2 2 

Proof. From Theorem 2.24 and Lemma 2.26, the l.h.s. of (2.16) equals 

-(Id®$o) o (g) Id®,5A((,_)) o (Ai^(g_) (E) Id)o 

["^A(0-) ° (a? ® Id) - (0? ® Id)] o AA(g_) o ,5A(g-) • 
Using the sigma notation of [ the previous equation can be re- written as 

V ^ -(-l)l^(i>l0>(i) ® i;(2) + (-l)l''<i)ll (g $o°""'^^(2) + (-l)'"'^''! ® • f(2) 

= 6'iU(i) (g) 'y(2) - 1 (8) $o'''*"'^(2) + 1 a>(i) • W(2) 
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where v G A(gY)- The aim is to re- write the second term. Proposition 2.25 states 
that there exists A" € Hom r(A(0y)5 0t) such that 

-$0°"'" «(2) = "iA(BT) ° ® Id) O Aa(b^) . 

The fact that the antipode ^A(gY) ~ 5s(s)\a(sy) ■A(gY) is the convolution inverse 
of IdA(gY) imphes that A" e Hom r(A(0-), g-) equals 

A(0y) ® V(^2) ^ -$o'''*"w(2) • '5s(b)('^(3)) = 

t(ady)(0?z;(i))(z;(2)) = -t ■ t/i(^)(ady)(a)(«) 

which is the assertion of the Theorem. The last equality is a consequence of the 
following equations. Since i(ad j/)(6'°'i;(i)) € Qy acts non-trivially only on ^y Q A(gY) 

2n 

t(ad2/)(0?«(i))(i;(2)) = • -v, ■ -v^n)] (2.18) 

where w = i;i • • • V2n S A(gY), vj E Qj for j ~ 1, 2n. Moreover 

9^{vi--vyV2n) = ^ ^, — ^ sgn(cr) ad ^.^(i) o • -oad o • -o ad w^(2„) (o) 

which implies that the last term of (2.18) equals 

^" fe2n(2^"+^ — 2) 

^ ^ (-1)^ " w sgn(cr)advjoadu^(i)0--oadw<j(j)o--oadu^(2„)(a) 

= -J2aej:^„ " (2n)! ^ sgn(cr) ad w<,(i) o • • o ad?;<,(2„) (a). □ 

2.5.3. Left odd symmetries. 

The following Theorem of Koszul holds. 

Theorem 2.29 ([12, 31, 35]). For every a e Qj and } e Hom k(A(0y), C°°(C/)) 

f{o){f) ^-6l*f + (-1)1^1/ o {al * IdA(^)) (2.19) 
where the convolution product Of * f is defined via the map tpo : Qq ^ T(Go). 
Proof. Theorem 2.24 implies the relation 

(--l)l^l7(w)a = 7(«?(«(i)) • -"(2)) - 6'?(w(i)) • 7(«(2)) = 7 ° (a? * WaCbt)) - 6*? * 7 
for a G gY, G A(gY). It follows that 

(-l)I^V(a)(./)(^') = (-l)l^lv'(a)(^^)(7(^^)) = (-l)l^l+^F(7(«)a) 
= (~l)l"lF(7(iOa) - [/ o « * IdA(,^)) - i^iyf^ef * /](!;) . 

□ 

For every g £ Gq 

'Pia)\g = -^\g-aegj (2.20) 

i.e. ev-{ip(a)) equals the algebraic derivation given by contraction of gY and g^. 
On the other hand, if [gi,gi] = 0, formula (2.19) imphes that 

(p(a)(/)(ai A • • Aap) = (-l)l-''l/(a A oi A • • ACp) 
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i.e. that 

is the algebraic derivation given by contraction of gj and Qj globally. Informally, 
Proposition 2.15 together with Theorem 2.29 show that the bracket [0,0-] measure 
how much the representation (yj : g — s- Der ts^{C°°{U) (E) A(0i)) preserves the exterior 
algebra structure of (2.9). 

2.5.4. Right odd symmetries. 

Theorem 2.30. For every a e Sj and f e Hom r(A(0y),C°°(C/)) 

<^(a)(/) = % / + (-1)1^1/ o {e^^-^ * IdA(,^)) (2.21) 

where the convolution product 6^ " * f is defined via the map <^o ^ 0o ^ '^{Gq). 
Proof. Theorem 2.27 implies the relation 

ai{v) = 7(e''(w(i)) • W(2)) + 6'?(w(i)) • 7(«(2)) = 7 ° (e° * ^^Ais^)) + ^1*1 
for a G 0Y, v G A(gY)- It follows that 

{^ia)f){v)ig) ^ ma)F)ijiv))ig) = (-l)l^lF((Ad,-. a)jiv)){g) 

= [(-1)1/1/ o (e^d.- ^ * IdA(,^)) + " * f]iv)ig) . 

□ 

Denote a basis of 0y by {sa}^™/^ and its dual basis by {s"}^™/\ For every 
g E Gq and every natural number 1 < /3 < dim 0y, the value of the right-invariant 
odd vector field '^{sp) is given by 

^{sp)\g - - Ad^(g-i) ® = Ad${g-') ®sc.= Adg-1 sp (2.22) 

where 

/AdJ(g) Adi(.9) .. Adi(g)\ 

Ad?(5) Ad^(5) •• Ad^(5) 



e End r(0y) 



VAd'/(.9) Ad^'(g) .. Ad;:(5)/ 
is the matrix representation of the adjoint action of Go on 0y. Note that evY(<p(a)) 
depends on the bracket [00,0-]- Moreover, if [0i,0i] = 0, formula (2.21) implies 
that 

cp(a)(/)(ai A • • Aup) = (-l)l-'^l/(Adg-i a A d A • • Aop) , 

i.e. that 

^(^) = ~9(Ad,-.a)*-^^^-^"^Si 
is the algebraic derivation given by contraction of 0y and 0y globally. 

3. Homogeneous supermanifolds 

As in the classical theory, a homogeneous supcrmanifold can be understood cither 
in terms of a transitive action of a Lie supergroup G = (Go, -^g) on a supcrmanifold 
M = (Mo, Am) (see Definition 3.7) or by means of a quotient of G = (Go, -4g) with 
respect to a closed Lie subsupergroup H — {Ho,Ah) (see Definition 3.9). 
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3.1. Action of a Lie supergroup and of a super Harish- Chandra pair. 

Definition 3.1 ([11]). An action of a Lie supergroup G — (Gq^^g) ^ super- 
manifold AI = {Mo,Am) is a morphism p = {po, p*) : G x M ^ M satisfying 

1) po {ida X p) ~ po (m X idm) : G x G x M — > M 

2) po (e, idM) = id-M ■ M — > M. 

The triple {Mo,AmtP) is called a G-supermanifold. 

Definition 3.2 ([11]). An action of a sHC pair (Go,0) on a supcrmanifold M = 
(Mq, Am) is a pair (pp, p) consisting of a global action, i.e. a group homomorphism 

: Go ^ Aut (M) 

and a fundamental action, i.e. a Lie superalgebra anti-liomomorphism 

p-.Q^ T{M) 

satisfying 

p{B){f) = iPoUB)if) ||t=o(Po ° cxp(ii?))*(/) / e ^(Af) 

for every B g gg-. The triple (Am , Pq, p) is called a {Gq, Q)-supermanifold. 

If there is no danger of confusion, the global diffeomorphisms and the fundamen- 
tal vector fields arc denoted by 

Aut (M) 3 p^{g) := g , T{M) 9 p{A) := A 

where g E Go and A G g. 

Theorem 3.3 ([iJ]). Any action (Mq, Am , p) of a Lie supergroup G = {Gq,Ag) 
defines an action {Am,Pq-,p) of the corresponding sCH pair (Gcfl) where 

g* := {cYg®ld)o p* : A{M) — > A{M) , A -.^ {A\, ®ld) o p* 

for all g e Gq and A Cz Q. The correspondence p i— > (p^, p) is a bijection between the 
sets of actions of a Lie supergroup and those of the associated sHC pair respectively. 

Example 3.4. Let G = {Go,q) be a sHC pair and let V = Vq + Vj he a. finite 
dimensional supervector space. A representation (j> : G GLr(V^) of G on F 
consists of 

1) a representation ip^ : Go ^ GLr(F) of Go on V, 

2) a representation ip : g ^ 0'r(^) of g on V, 

such that {ipo)* = (p\g- : flg ^ 9'k(^)o- ^^'^ representation (2.3) of Definition 2.7 
is called adjoint representation; for any closed Lie subsupergroup {Hq, t)) C (Gcg) 
{i.e. Ho C Go closed) it restricts to a well-defined map Ad : H GLR(0/f)). 

Example 3.5. The adjoint action a : G x G — > G of a Lie supergroup G = 
(Go,^g) on itself is defined as an action of the underlying sHC pair (Go,0): 

Po(g)* a; := L; o , i (A|e ® Id) o m* - A 

for every g € Go and A G g. 

Lemma 3.6. Let {Mo,AmtP) be a G-supermanifold, A G g and g G Gq. Then 

1) (A® Id) op* = {Id® A) op* 

2) {^A ®ld)o p* = p* o A 

3) g^A = kdg A 
where v :~ A\e G Te{G). 
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3.2. Orbit map and stability subgroup at a point. 

Every point p £ Mq of a G-supcrmanifold (Mq, Am , p) defines a morphism 
of supermanifolds 

Pp = {{Pp)o,pI) P° {idcp) ■■ G — >M 
called the orbit map of the point p G Mq, which satisfies 

PpoRg ^ Pg.p , go pp^ ppo Lg 

for every g e Gq. 

Definition 3.7 ([^l])- The action p is transitive if pp is a surjective submersion for 
every p g Mq, i.e. the underlying action of Go on Mq is transitive and the map 

— > TpM , A^AUop; = A\p 

is onto. The triple (Mo,Am,p) is called a homogeneous G-supermanifold. 

Definition 3.8 ([-'!]). The stability subgroup at p e Mq is the closed Lie subsu- 
pergroup Gp of G defined by the sHC pair Gp ((Go)p,gp) where 

{Go)p ■.= {heGo\h{p)^p} 

is the stability subgroup of Go and 

gp := {Be0\B\p = o} 

consists of the fundamental vector fields with zero value at the point p G Mq. The 
action Ad : (Go)p — > Aut (gp) is the restriction of Ad : Go — > Aut (g). 

The sheaf theoretic description of the stability subgroup is more complicated and 
can be found in [7]. Note that [7] defines the canonical closed embedding Gp ^ G 
in terms of commutativity of the following diagram 



Gp 






1 






p 


G - 


Pp 


M 



3.3. Homogeneous supermanifold. 

Let {H,t}) C (G,0) be a closed Lie subsupergroup of a Lie supergroup 
G = (Go,^g)- Denote by 

ttq : Go ^ Go/Hq , pri : G x H ^ G , Rh ■= : G x H ^ G 

the canonical projections and the right action of H on G. For every open set 
U C Go/Ho, define three subalgebras of AciT^o^U): 

i) The supcralgebra of i?^f-invariant superfunctions 

Ag/h{U) := {/ e AoiTTo'U) I R*Hf = prU} , 

ii) The supcralgebra of i?//;, -invariant superfunctions 

^HoiU) := {/ e AaiTT^'U) I - fyh e Ho} , 

iii) The supcralgebra of [)-invariant superfunctions 

A^{U) := {/ e ^g(V'C^) I 5/ = 0,VB € t)} . 
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The associated sheaves over Gq/Hq, denoted by Aq/h, and At) satisfy 

Ag/h = Ah„ n A (3-1) 

Theorem 3.9 ([18, 30]). The pair G/H ~ (Gq/ Hq, Aq/h) is a super manifold. 
There exists a canonical projection tt : G — > G/H satisfying 

1) Ker (tt,) ^A{G)®^ 

2) 7r*,e : TeG — > To{G/H) is onto with kernel f) C g 9^ T^G (o eH = 7ro(e)) 

and a canonical left action /i : G x G/H —>■ G/H such that the following diagram 
is commutative 

GxG i G 

idc ^ 

G X G/H — ^ G/iJ 

For every G-supermanifold {Mq,A]\i,p), the orbit map 

Pp^{{Pp)o,p;)-G/Gp^M (3.2) 

is well-defined. Whenever {Mo,Am,p) is homogeneous, the orbit map (3.2) is a 
diffeomorphism with (Id(g)p*) o p* — p* o p*. 

As in the classical case, there exist adapted coordinates for the canonical projec- 
tion, i.e. Aci'^'o^U) = Ac/HiU) (8) A{H) for a suitable open subset U C Go /Ho. 
A homogeneous supermanifold G/H is reductive if the Lie superalgcbra g of G can 
be decomposed into a subsupervector space direct sum 

= ti+m (3.3) 

such that Adh m C m for every h € Ho and [[),iti] C m. If [m,tn] C [), then G/H is 
symmetric. 

Example 3.10. Let G be a Poincare' Lie supergroup and Ho ;= Spin" ^ C Gq. The 
Poincare' superspacetime M = G/Ho is a reductive homogeneous supermanifold. 

Lemma 2.6 and Theorem 3.9 imply the following useful description of the space 
of vector fields of a reductive homogeneous supermanifold. 

Lemma 3.11. Let G/H be a homogeneous supermanifold with reductive decompo- 
sition (3.3). The map 

[^(G)(8)m]^^« -^r(G/iJ) , X^XoTT* . 

is an isomorphism. 

The induced Lie superalgebra structure on [.4(G) ® m\^" is given by 

[X,Y] = [^r®A„^.g^®B,] :=^(-l)l^'ll^^l/V®[^.,S,]m 

i j ij 

+ Y^iXg^) ® B, - ^(-l)l^ll^l (Ff) ® A, 

3 i 

where [A, B] [A, B],, + [A, B]^ G f) + m = g for every A,B em. 
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3.4. Isotropy representation. 

Definition 3.12 ([-1]). The linear isotropy representation <f> = ((/3g, (^) : Gp 
GLR(rpM) of the stabihty subgroup Gp := {{Go)p, Qp) on TpM is defined by 

: (Go)p ^ GLr(TpM) h ^ K^p 
\^ : 0P -> QhiTpM) B^{v^ -[B.v]\p - {-l)\BMv o B) 

The natural extension of this representation to TpMl is also denoted by (j) : Gp 
GLji{TpMl) and the set of invariant (r, s)-tcnsor T £ TpM;: by (TpAfJ)'>('='p). 

Lemma 3.13 ([21]). Let (Mq, Am , p) be a homogeneous G-supermanifold. The 
linear isotropy representation is equivalent to the adjoint representation Ad : Gp — > 
GL]r(q/qp) via the natural isomorphism q/Qp = TpM , . 

Definition 3.14. A superfunction / e A{M) (resp. a vector field X G T{M), 
resp. a 1-form lu e T*{M)) on a G-supermanifold {Mo,Am,p) is G-invariant if 

f^l®f^p*fe AiG X M) (resp. (Id ®X) o p* = p* o X, resp. 

Lu{Y) = 1 ® uj{Y) = {p*uj){ld®Y) G A{G X M) for every Y e T{M)) . 

The definition of G-invariance of a tensor field T E TJ'{M) follows naturally from 
Definition 3.14. The set of all G-invariant tensor fields is denoted by (S)r,sTs{M)'~^ . 

Definition 3.15. A tensor field T E TJ'{M) on a (Go, 0)-supermanifold {Am, Pq, p) 
is (Gq, q)- invariant if it is preserved by the global action of Gq and annihilated by 
the fundamental action of g, i.e. if 

fg,(T) = r VgeGo 

[£^r = o VAeg 



The set of all (Go, g)-invariant tensor fields is denoted by (Dr.sTJ (M) 



(Go.fl) 



Theorem 3.16. Let (Mq, Am , p) be a homogeneous G-supermanifold. The evalu- 
ation at a point p E Mq 

evp : T^iMf ^ {TpMlf^^^^ 

is an isomorphism between the space TJ'{M)^ of G-invariant tensor fields of type 
(r, s) and the space (TpM^'^^'-^p^ of isotropy invariant tensors of type {r,s). Ln 
particular, for vector fields, the inverse map is given by 

(TpM)^(«-) ^v^X,■.^ (Id ®v) o p* : Am ~^ Ag/g^ - Am (3.5) 

Pp 

Moreover ®r,sT;{M)^ = ®r,sT; {M)^^"'S\ 
Proof. See the Appendix. □ 



4. Invariant superconnections on a homogeneous supermanifold 

This section generalizes a theorem of Wang ([26, 27]), concerning invariant con- 
nections on homogeneous manifolds, to the category of supermanifolds. The main 
Theorem 4.7 is stated in [10] in the case of even stability subgroup. 
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4.1. Superconnection. 

Let £ be a locally free sheaf of ylM-supcrmodulcs on Mq. 

Definition 4.1 ([11]). A (super) connection on f is a morphism V : Tm i8)r £ ^ £ 

of sheaves of supervector spaces such that, for every open subset U C Mq 

1) VfxZ^f-VxZ 

2) Vx/^= (X/)Z+(-l)l^ll/l/VjfZ 

where / G Am{U), X e Tm{U), Z e £{U). The curvature of V is defined by 

R{X, Y)Z := \Ix^yZ - (-l)!^!!"^! VyVjf Z - \I[x.y\Z 

where X,Y e Tm{U) and Z e f (f7). 

A connection on Tm is called a linear connection on 7\f . There is the usual notion 
of Christoffel symbols, in local coordinates (1.5) on A/, 

gives elements rj'j e ^Af(?7) of parity = |?7'| + |77-'| + |?7'^|- The torsion is defined 

by 

T{X, Y) ■= VxY - (-l)l-^ll^l VyAT - [A, Y] 
where X,Y £ T]\j{U). The covariant derivatives of R are denoted by 

where A^, .., Ai G Tm{U) and r G N. 

Definition 4.2 ([20]). The infinitesimal holonomy superalgebra (}o[(V)p"^ at a point 
p € Mq of a linear connection V : Tm (8)k Tm ^ on M is the linear Lie 
superalgebra [)o[(V)|,"f C 0[R(TpAf) = gl^{TpM)jj + glR{TpM)j spanned by 

Vx.,..,Xifip(A,r) : TpM TpM 

where A^, .., Ai, A, F G TpM, r € N. 

For the definition of the holonomy supergroup as a sHC pair sec [20]. Note that 
the restriction 

V = (V|r(TMo)8r(TA/)) : r(rAfo) ® r(TA/) ^ r(TAf) 

is a connection on the tangent bundle TM, such that TMo and (TA'jf)Y are V- 
stable. The holonomy of this connection is contained in the body of the holonomy 
supergroup ([20]). This is, in general, a proper inclusion ([211]). 
Let (j) = {(j)o,(j)*) E Mor {N,M) be a morphism of supermanifolds and recall that 
the sheaf of 0- vector fields (1.10) is denoted by 7^. 

Definition 4.3. A morphism V"^ : ((/)o)*Tv <8k T^p T^ oi sheaves of supervector 
spaces is a (p- connection if, for every open subset U C A/q 

1) V^^A = / • V^A 

2) V^/A = (y/)A + (-l)l^ll/l/V^A 
where / G ^Ar(0o 'C^), Y ^ Tv(0o ^C/), X G T^{U). 
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Example 4.4. The pull-back connection (0*V) : (0o)*7/v <XiR Z/) — > Xji of a linear 
connection V : Tm (Sr Tm Tm is a (/)-connection defined by the local expression 

A; i.j,k 

where F G Tw(0o^C/) and X G r0([/) is given by (1.11). The usual functorial 
property holds, i.e. for every morphism G Mor {L, N) 

v)y(x)} ^ ((0 o ^r\/)z{r o X) (4.1) 

where Z G T£,(?/'(7"^'?!'o "^C^) is a vector field V'- related to F G Tn{4>^^U). 
4.2. Nomizu map. 

Definition 4.5. A linear connection V : Tm <E)r Tm Tm on a G-supcrmanifold 
(Afo,^A/,p) is G-invariant if 

(Id®Vx>^) o p* = (p*V)id8x((Id®F) o p*) (4.2) 

for every X,Y £ T{M). A hnear connection V : Tm ®r Tm Tm on a (Gcg)- 
supermanifold (yl^/ , /"o ' {Gq, q) -invariant if 

.9*(Vx>^) = Vg.x5*>^ (4.3) 

and 

/:^(Vxl') = Vr^xF + (-l)I^II^IVx/:iF (4.4) 

for every X,y G T(M), g G Go and A G g. The space of all G (resp. (Gcfl))- 
invariant linear connections is denoted by Conn(M)'^ (resp. by Conn(Af )'^'^"'^)). 

Definition 4.6. An even linear map L : q ^ 0[jj(TpAf) is a Nomizu map in 

p G Mo if 

1) i(B) = -/:3(-)|p forallBGSp, 

2) i(Ad^ A) = K^p o L{A) o h~l for all h G (Go)p, A G g, 

3) L([S,A]) = [L(S),L(A)] ' for aU A G 0, B G flp. 

The space of all Nomizu maps in p G Mq is denoted by Nomp(M). 

The linear operator 

Lx := Vx-Cx : T{AI) — > T{M) X G T{M) 

is yl(A/)-linear. Its value Lx\p ■ TpM TpM at a point p G Mo is well-defined. 
Let V G Conn(Af)('^'''S) be a (Go, g)-invariant linear connection on {Am, Pq, p). 
The even linear map 

Lj : 2 ^ gl^iTpM) , A>^L^\p (4.5) 
is called the Nomizu map in p associated with V. 



4.3. Wang's theorem for supermanifolds. 



SUPERIZATION OF HOMOGENEOUS SPIN MANIFOLDS 



31 



4.3.1. Main theorem. 

Theorem 4.7. Let (Mq,AmtP) be a homogeneous G-supermanifold and let p G Mq 
be a fixed point. The correspondence 

Conn(M)'^ 3 V ^ LJ e Nomp(Af) (4.6) 

is a bisection. Moreover Conn(A/)'-^ = Comi(iV/)('-^"'£'\ 

Proof. The proof is spht in five parts. 

i) Every G- invariant hnear connection on a G-supermanifold [AIq^Am, p) is (Go, q)- 
invariant, i.e. Conn(M)'^ C Conn(M)(*^0'S). 

Let X, F e T{M) be vector fields on M. Equation (4.3) follows from applying 
(eV(,(8)Id) to both sides of (4.2) and using equation (4.1). Equation (4.4) is a (long) 
calculation in local coordinates (1.5) which uses the following equality 

_(_l)!A|(b-|+l'»l)(V^ A) o A = -(-l)I^Kb"l+l'»l)(v^ A) o {A\e ® Id) o p* 

dr/l Or]^ dill OTj"^ 

= -(A|e®Id)o(Id®V^A)op* = -{AU®ld){p*V\^^^{{ld®^) o p*) . 

ii) The Nomizu map (4.5) associated to a (Go, fl)-invariant linear connection on a 
(Go, 0)-supermanifold {Am,Pq,p) is an element of Nomp(M). 

Let V S TpM be a vector at p G Mq and X G T{M) be a vector field on M such 
that X\p = V. For every B G Qp 

Lj{B){v) = (V^X - CgX)\p = (V^X)lp - C^iX)\p = -C^{X)\p . 

Lemma 3.6 together with equation (4.3) imply that 

Lj(Ad, A) = (v^,;^ - ^Aci; = - ^ha)\p = ''*,p ° LjiA) o h-l 

for every h e (Go)p and A G Q. For every A € q and B <G Qp 

[^C^,L^]{X) 

= (C^C^X i-ir\\^\C^C^X) + {-C^\7^X + (-1)I^II^IV4£^X) 

where the second to last equality follows from (1.2) and (4.4). Evaluating in p e AIq, 
the assertion follows. 

iii) Injectivity of the correspondence (4.6). 

Let V* : Tm ®r Tm Tm, * = 1, 2, be two (Go, g)-invariant linear connections on 
M such that the associated Nomizu maps L^, L^-.g^ glg^{TpA'I) coincide, i.e. 

{W\-C^)\p = {W\-C^)\p 

for every A G g. For every X G T{M), equation (4.3) and Lemma 3.6 imply that 

9*i^\X - C^X) = ^l^g.X - C^^^g^X = (V^^^^ ^g^X ^g^X) . 

Evaluating in g^^p G A/q 

L\-^p{A) = g:\ o L;(Ad3 A) o g,\g-,p : T^-^pM ^ T^-.pM 
and then = Li^ for every q G Mq. Equations (4.4) and (1.2) imply that 
C^{L\X) = -L^^^^X + i-iri\^\L^^C^X 
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for every A,B^g and X e T{AI). In particular 

C,{V^T{M))<ZV^T{M) 
and iterating (for every < fc < oo) 

where G g for 1 < i < fc. For every < fc < oo 

(-^i. • ■ • '^aSL\X))U = {C^^ ■ ■ ■ C^^{L\X)% . 

Lemma 1.32 applied to the vector field L^^X — Lp-^X ~ — V^X implies that 

V^X = V^X and, from Nakayama's Lemma, V"^ = V^. 

iv) In order to prove surjectivity of the correspondence (4.6), some preliminaries 
are needed. 

Denote Gp by H and let G/ H be the associated homogeneous supermanifold (recall 
Theorem 3.9). Say that a 7r-connection : (7ro)*7G ®s, 7^ — > 7^ is projectahle if 

- Invariance iJ/XVJ-X) = V^^-i^^^ (i?;; o X) (4.7) 

[) - Invariance Cb{VyX) = VJ^^X + (-l)l^ll^l V^/IsX (4.8) 

for every heHo,Y e Tg{-Kq^U), X e %{U), B e () and 

Horizontality Vy(/-7r*oX) = (F/) • (tt* o X) (4.9) 

for every Y £ Ag{tto^U) ® f), / G Ag{t^o^U) and X e Tg/h{U). The pull-back 

V ^ (7r*V) (4.10) 

is a bijection between the set of linear connections on G/H and the set of projectable 
TT-connections. We sketch a proof of this fact. Let ^ ■ Tg/h ®R '^g/h — *■ '^g/h 
be a linear connection on G/H. One can check that the pull-back connection 
:= (7r*V) is projectable. Here we only remark that (4.7) is a consequence 
of (4.1). Consider a projectable 7r-connection : {'Ko)*Tg (^im 7^- — > 7^. Using 
equation (4.9) and adapted coordinates near h E Hq C Gq and o £ Gq/Hq, it is 
possible to construct (locally near o e [/ C Go/Hq) a map V : 'Tg/h®m.T^g/h ^ 
By definition 

VzX := V^.(7r* oX) 

where X, Z e Tg/h{U) and F G TG(7ro"^[/) is 7r-related to Z. From (4.7) and (4.8), 
check that locally ^ : Tg/h ®'rT^g/h T^g/h- Repeating this construction for 
every gH £ Gq/Hq, we get a globally well-defined linear connection on G/H. 
Due to Theorem 3.9 and isomorphism (4.10), we need to prove that to any even 
map L : g ^ S^wXq/^) satisfying 

1) L{B) = ads for every B e i), 

2) L{Adh A) = Adh oL{A) o Ad/,~i for every h G Hq, A G g, 

3) L{[B, A]) = [L{B), L{A)] for every A€g,B€\), 

there exists a corresponding projectable 7r-connection. Every X € 7^ can be locally 
written as 

X = J2i9' ® B,) O TT* 

j 
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where ® Bj e Ag ® Q and two such expressions differ by an element of Ag ^ t). 
The following 7r-connection is well-defined 

{Y,{f®Ai)®^X) ^r{(A,5^).(i?,o7r*)+(-l)l^'ll^^l5^(L(A,)S,)o^*} (4.11) 

where ® Ai <E AGiT^o^U) (g) g. It is projectable, for equation (4.7) is a 

consequence of 2), cc^uation (4.8) of 1) and 3) while equation (4.9) of 1). The 
condition of G-invariance follows directly from (4.11). 
v) The inclusion Conn(A/)('='o'B) C Conn(M)'^ is now easy to prove. □ 

In the reductive case, the set of G-invariant linear connections is in bijective 
correspondence with the set of even linear mappings Lm ■ tn g[jj(m) satisfying 

• Lm{Adh A) = Adh oLmiA) o Ad/^-i for every h £ Hq, A e 

■ Lm{[B,A]) = [ads, Lm{A)] for every A G m, B G t), 
where L\m = Lm, L\t, = ad(, is the Nomizu map. By abuse of language, we refer to 
the map Lm ■ tn gl^{m) as the Nomizu map. The following corollaries are direct 
consequences of the main Theorem 4.7. 

Corollary 4.8. Let M = G/H , be a homogeneous supermanifold with reductive 
decomposition (3.3). The G-invariant linear connection associated with the Nomizu 
map Lm ■ tn g[jj(m) is given by 

V : r(M) ®a T{M) — > T(M) 

if ® A) ®R {g' ® B,) ^ niAgns' + (-l)l^'ll^'l<7^(Lm(A0S,)} 
where p ® Ai, g^ ® Bj £ [A{G) ^ m]^" = T{M) and we have used the Einstein 
.summation convention. 

Proof. Lemma 3.11 gives an equivalent description of the space of vector fields of 
a homogeneous reductive supermanifold AI ^ G/H. □ 

Definition 4.9. Let G/H be a homogeneous supermanifold with reductive de- 
composition (3.3). The canonical connection V'^"" (resp. the natural torsion-free 
connection V-'"''^'^) is the G-invariant linear connection associated with 

Lm = (rcsp. Lm{A) = ^[A, -lm ) 

If the stability subgroup is even, i.e. H ^ Hq, the following corollary holds 

Corollary 4.10. Let H ~ Hq Q G be a connected closed Lie subgroup of a Lie 
supergroup G such that Mq = Gq/Hq is a homogeneous manifold with reductive 
decomposition 0o = f) + tnp. Every pair of even ^-invariant linear map 

Lmj/\sT<^ Hom K (mo , g {qj) )| , L g- G Hom r{qj,q Ik (nXg 4- Qj) )^ 

defines an extension of a fixed Nomizu map Lq E Hom R(tno, 0[R(mQ))'' on Mq 
to a Nomizu map Lm G Hom R(tn, g[][j(tn))'' on the homogeneous supermanifold 
M = G/Hq with reductive decomposition g = ([] + mQ) + gY= (f) + mQ) + tnY = () + m. 

Via Corollary 4.10, the Nomizu map Lm E Hom ^(tn, g[R(m))'' associated with 

Lo = , Lm-\s- = a.dm-\s- , ^^- = (4.12) 

defines a G-invariant linear connection V'^ on G/Hq called the supersymmetry 
connection. 
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4.3.2. Invariant superconnections on a Poincare' super spacetime. 

Invariant linear connections on a Poincare' superspacetime of signature (r, s) 
are in bijective correspondence with Spinjl ^-equi variant even maps 

L : M'-'^ + eki^"'" + S) 
i.e with spin^ ^-cqui variant maps 

R'''" {{W'")* (E)W''')®{S* (E)S) and S ^ {{W'y (E)S) ® {S* (E)W'') . 

The existence of non-degenerate invariant bihnear forms on M'"''' and S (see [1]) 
imphes that W'" and S are self-dual spin^^^-modules, i.e. (M'"'")* 9^ M'"'* and S* = S. 

Theorem 4.11. The dimension D of the vector space of invariant connections on 
a Poincare ' superspacetime of signature (r, s) depends on r — s mod 8 as follows 



r — s mod 8 


1 


2 


3 


4 


5 


6 


7 


8 " 


D 


12 


24 


12 


24 


12 


6 


3 


6 



Proof. We want to determine the dimension of the following three spaces 

Hom (M'''MR'^^'*®M'''")=P'"'-.= , Hom S'®S')'P'"".-' , Horn (5, R''^''®S')'=P"V= . 

diniRHom (M'''^ R''^'*®r'")'P"V,= = because M"^'" is not a submodulc of M''''*(g)M'^^"; 
Theorem 1.1 of [1] implies that 

dimR Hom {W'',S (g) S')^^^"'-.- = dimR Hom {S, M''"'* (g) 5')=^'"-.- = dimRC^,, 

where C.r,s Hom {S, S')^'""'-.^ is the Schur algebra of S. The assertion of the 
theorem is then a direct consequence of Corollary 1.3 of [I]. □ 

4.3.3. Reconstruction of an invariant connection in local coordinates of M . 

Let {Mo,Am,p) be a homogenous G-supermanifold of dimension dimAf = m\n. 
When n is small the G-invariant linear connection V : Tm ®m. Tm Tm associated 
with a Nomizu map Lp : q ^ Q{^[TpM) can be recostructed in local coordinates 
{a;',^j} of M. For every q G A/q, consider 

Lq{-) ■■= g^'^lp o Lp{Adg •) o g^\g-ip : g g[R(r,Af) 

where q = g^^P G Mq for some g G Gq. By definition of transitive action, every 
Y G T{M) can be locally written (non-uniquely) on an open set U C Mq as 

i 

where {Ai} is a basis of g and G Am{U). Write 

VyX\g = r(g)(L,(A,)(X|,) + {CaX%) 

for every X G Tm{U) and q E U. This is not sufficient to reconstruct the connection 
unless n = 0. However, a Taylor expansion with respect to the odd coordinates 

n 

\/yX = (VyX)l, + ^ ^k{C^\/YX)\, + Y.a^j{C^C^\/YX)U + ... 

fc=l k<j ' ^ 
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allows to construct V. Indeed the condition of (Go , 0)-invariance implies that 

= Y.isl{^lA,.Y]X + (-l)l^'II^IV^[i„ X]) - (-l)(l^'l + l^l)((VyXK)i,}|, 

j 

where = gj-Aj is a local (non- unique) description of the odd derivation 
4.3.4. Curvature, Torsion and Holonomy. 

Let {Mq,Am,p) be a homogenous G-supermanifold, p G Mq. The isotropy 
subgroup Gp is denoted by H. The identifications 

{Mo, Am,p) = (Go/ Ho, G/H, p) , tt,,,, : g/f) ^ ToG/H 

are tacitly used. The curvature and the torsion of a G-invariant linear connection 
V : Tm ®«. Tm Tm are invariant tensors satisfying for every A,B<EQ 

Ro{A, B) = [L{A), L{B)] - L{\A, B]) 

To{A, B) = L{A)B - (-1)I'^II^Il(S)A - [A, B] 

where L : g Q^miQ/^) the Nomizu map associated with V. The following lemma 
then holds. 

Lemma 4.12. A G-invariant linear connection of a homogeneous G-supermanifold 
is fiat if and only if the associated Nomizu map is a Lie superalgebra morphism. 

In the reductive case, for every A, B E m 

Ro{A,B) = [L^{A),L^{B)]-L^{[A,B]^)-[[A,B]^„-] , 

To{A, B) = L^{A)B - (--l)l^ll^lL„(i?)A - [A, B]^ 
A G-invariant linear connection preserves a G-invariant tensor field T G Tg{M), 
i.e. VT = 0, if and only if Lp(0) C {L G Q[^{TpM)\L ■ T\p = 0}. 

Definition 4.13. Let M = G/H be a homogenous manifold, t C ^[^(fl/f)) a linear 
Lie superalgebra. A G-invariant linear connection is ^-compatible if L{q) C t. 

Example 4.14. Let G/H, g = (j + m be a homogeneous supermanifold with reduc- 
tive decomposition (3.3). The Levi-Civita connection V^"^ (see [34] for its existence 
and unicity) of an invariant metric associated with an i7-invariant scalar product 
g : m X m — > R is given by 

L^iA)B ^^[A,BU + UiA,B) 

where : m x m ^ m is the supersymmetric bilinear map given by {A, B,C E m) 

2g{UiA, B), C) (-l)l^ll^l5(A, [G, BU + (-l)i^l(l^i+l^i)g([G, A^B) . 

In our context. Theorems 5.1 and 8.1 of [20] read as follows. 

Theorem 4.15 ([20]). Let V : Tm®rTm — > Tm be a G-invariant linear connection 
on a simply connected homogeneous supermanifold M — G/H . Then there exists a 
natural bijective correspondence between 

1) Parallel tensors T G T/(M), 

2) Tensors To G TqM^ annihilated by the representation of the infinitesimal 
holonomy algebra f)ol(V)o"^ on TqM^ . 
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We calculate the infinitesimal holonomy algebra of a G-invariant connection. 

Theorem 4.16. The infinitesimal holonomy algebra of a G-invariant linear con- 
nection V on a homogeneous supermanifold M = G / H is given by 

[jol(V);"f = r + [L(0), r] + [L(fl), [L{q), r]] + • • • 

where L : q ^ Q^Ris/^) is the Nomizu map associated with V and 

X := Span^ {[L(A), L(B)] - L([A, B]) | A, B e g} C . 

Proof. Consider V^^ _4^i?o(A,B) G 0Ir(0/I)) for Ar,..,Ai,A,B e g. The first 
two cases are illustrated, the other ones follows similarly. 
For r = 0, Ro{A, B) = [L{A),L{B)] - L{[A,B]) G r. 
For r = 1, 

\7\^Ro{A, B) = L{A,) o {R,{A, B)) - i?„(L(Ai)A B) - Ro{A, L{A,)B) 

□ 

The proof of the following corollary is as in [27] and thus omitted. 

Corollary 4.17. The infinitesimal holonomy algebra of a G-invariant linear con- 
nection V on a homogeneous supermanifold M = G/H with reductive decomposition 
(3.3) is given by 

f}0[(V);"f = r + [L^(m),r] + [L„,(m), [im(m),r]] + • • • 

where ' tn g[jj(m) is the Nomizu map associated with V and 

t := SpanK{[W(A),W(B)] - L„([A,B]„0 - [[A,B]„, •] | A, B G m} C Ql^{m) . 

In particular, if V'^"" is the canonical connection and Mq is simply connected, 
every invariant tensor field is parallel (and viceversa if [m,Tn] = ()). 

5. SUPERIZATIONS OF A HOMOGENEOUS SPIN MANIFOLD 

5.1. Homogeneous spin manifold. 

Let Mq = Gq/H be a (pseudo)-Riemannian reductive homogeneous space. 
The Lie algebra go of the Lie group Go splits into go = f) + "Xg: f) a-nd nXg being 
the Lie algebra of the Lie group H and a Ad//-invariant complement respectively. 
The (pseudo)-Riemannian metric on Mq is identified with a _ff-invariant inner 
product g G BilR(mQ)-^'' on tUq. Recall that (fio '■ Qo ^ ^(Go) is the realization of 
the (abstract) Lie algebra go as left-invariant vector fields of Go. It is known that 
the iJ-principal bundle ttq : Go —>■ Mq is a (non-canonical) reduction of the bundle 
of orthonormal frames of Mq. The tangent bundle of Mq is then given by 

Go XAd(ff) ¥^0(^0) = T{Mo) 

where an element [g, ipq{w)] G Gq 'XAd(H) Voi'^o) corresponds to a vector via 

Go XAd(ff) Vo(mo) 9 [g,(pQ{w)] i-^ {TTQ)^^g{(po{w)\g) G TgH{Mo) . 

Hence a vector field on Mo is an i7-equivariant map X : Gq — > ipQ{mQ), i.e. a map 
X G Map(Go, <po(ti^o)) satisfying the equivariance property 

Xig) ^Adh X{gh) 
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for all 5 e Go, /i G i?. In other words, the following identifications hold 

[C°°(Go) ® Mmo)f "° = Map(Go, <^o(tno))''° = r(Mo) (5.1) 
These identifications are a special case of Lemma 3.11. 

Definition 5.1 ([4, 19]). A homogeneous spin structure of a (pseudo)- 
Riemannian reductive homogeneous space (Afo = Go/H,g) is a homomorphism 

Ad: H ^ Spin(rao) 

lifting the isotropy representation to Spin(mQ), i.e. such that the diagram 

H — > Spin(mQ) 
H SO (mo) 

commutes. The triple (Mq,!?, Ad) is called a homogeneous spin manifold. The 
associated spin bundle is defined by 

S{Mq) Go 'XKd[H) ^ 
where S is an irreducible real representation 

A : Cl(mo) ^ End r(5) 

of the Cfifford algebra Cl(mQ) 3 Spin(mo). 

If Go is simply connected, the homogeneous spin structures of Mo are in one-to- 
one correspondence with the spin structures of Mo ([!]). This condition is tacitly 
assumed together with the connectedness of H . 

Henceforth denote the spin module 5* by itiy. A spinor field on Mo is an H- 
equivariant map : Gq ^ nay, *-e- a map -0 g Map(Go, itiy) satisfying 

^(.g) = A o Adh^igh) (5.2) 

for aU g € Go, h € H. Write iP e 5(Mo) = Map(Go,mY)^. Let X,Y € 
Map(Go, (^o(itIq))^ (resp. ipX ^ S{A'Io)) be vector (resp. spinor) fields of a homo- 
geneous spin manifold (A/o,<?, Ad). The canonical connection derivatives 

VTY eM'MGa,Mmo))" , VTi'&SiMo) 

are the usual derivatives along X, i.e. 

i^^TY)], = {dx\Y) , {WTna ^ idxutP) 

for every g G Go. Recall the following important definition. 

Definition 5.2 ([29]). The Kosmann Lie derivative Cx4' G S{Mo) is defined by 

where A{V^^X) G so{TpAlQ, g) = spin(TpMo, g) is the alternation of the Levi- 
Civita covariant derivative V^'^AT £ glg^{TpMo) of A. 

The following definition gives extra-structures on (Afo, 5, Ad). 
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Definition 5.3. Every f)-invariant bilinear form C : ttIq- (E> mj mj defines a 
generalized Clifford multiplication 

T{Mo)(E)S{Mo) ^ S{Mo) 

X®^^ CiX, i^) (.9 ^ C{X{g), ^(g))) 
where g G Gq. A spinor field i/' € 5(Mo) is a generalized Killing spinor if 

V;^V := V5^"V + ^(X, ^/') = (5.3) 

where X G T(Afo)- Every [^-invariant symmetric bilinear form F : tn- m-Q 

defines a Dirac current bracket 

5(Mo)®5(Mo) ^r(A/o) 

^®C^r(V',C) := (.9^r(V'(g),C(ff)) 

where g G Go- 

The generalized Clifford multiplication C and the Dirac bracket V are some of 
the objects involved in Definition 5.5. 

5.2. Algebra of supersymmetry. 

Recall that to a pseudo-Riemannian spin manifold {Mo,g,S) is naturally 
associated a split supermanifold M ~ {M(),Am) whose sheaf of superfunctions 
Am is the exterior algebra of the (dual) of the spin bundle 5, i.e. 

A{M)-A{S*{Mo)) (5.4) 

Supermanifolds of this type have been studied in [3, 24, 25]. In our setting, it 
is natural to ask whether (5.4) can be endowed with a structure of homogeneous 
supermanifold. 

Definition 5.4. A superization of a homogeneous spin manifold 

(Mo = Go/i?,,9,Ad) (5.5) 

with reductive decomposition go = f) + ttIq, is a homogeneous structure on the 
supermanifold M — {Mo,Am) whose sheaf of superfunctions is given by (5.4). 

Constructing a superization can be reduced to the following algebraic problem. 
Recall that the Lie morphism induced by a homogeneous spin structure is given by 

ad := o ad : f) ^ spin(mQ) . 

Definition 5.5. A Lie superalgebra (g, [•,•]), where 

fl = 00 + 0T := (1) + "^o) + "^T (5-6) 
and the adjoint action of 1) on mj is given by 

A o ad : f) -> 0[R(mY) 

is called an algebra of supersymmetry adapted to the spin manifold {AIo,g, Ad). 

Theorem 5.6. Every algebra of supersymmetry (5.6) adapted to a homogeneous 
spin manifold (5.5) defines a superization M = G/H of (5.5). 
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Proof. Consider the unique sHC pair associated with the algebra of supersymmetry 
(5.6) (7ri(G'o) = {0} is used to prove the existence of the adjoint action of the 
sHC pair) and denote by G the associated Lie supergroup via Theorem 2.8. The 
homogeneous supermanifold G/H is a superization of Gq/H. Indeed, using the 
Koszul realization of the sheaf Ag = Cq^ (g) A(0i), for every superfunction 

/eHomR(A(0T),C°°(Go)) 

the right action of the Lie group H 3 h is given by 

iRU)ia)ig) = fiAd;^' aKgh) 

where g G Go and a S A(gY)- Then the structure sheaf Ag/h satisfies (5.4). □ 

Henceforth every superization is tacitly assumed to come from an adapted alge- 
bra of supersymmetry (5.6) and the notation 

C — •]|mjj®m- : nxg (g) m--^ m- , F := tt^j^ o [•, : m-g) m- 

is used. Note that the adjoint representation Ad : Go Aut (g) of the sHC pair 
{Go, 2) associated with an adapted algebra of supersymmetry satisfies 

Adhia) = Ao Ad,,(a) 

where h G H and a G m-. Thus equation (5.2) can be re-written as 

ij{g) = Adhi^igh) 

where g G Go and h Cz H. In other words, the identifications 

[C°°(Go) <E> mjf" ^ Map(Go,m-)^ ^ S{M„) 

are the analogues of (5.1) and show that vector and spinor fields can be treated 
equally inside the superization AI = G/H . 

Lemma 5.7. The tangent bundle TAI of a superization M = G/H is isomorphic 
to the direct sum of the tangent bundle T(Mq) with the spin bundle S{Mo) of the 
body Mq = Gq/H. Indeed the projections (1.8) and (1.9) are given by 

evg : [A{G) ® ^ [C°°(Go) ® M^^T" . 

evy : [A{G) ® ^{m)f'" ^ [C°°(Go) ® mjf " 

Proof. The assertion follows directly from Lemma 3.11 and the following remark. 
Equation (2.20) implies that the odd- value at a point gH € Go/i? of a vector field 

Y,r®^{a,)e[A{G)®^{mj)f" 

i 

is given by /'(s) «"/'(a»)l3 = .f(.9)«'a„ i.e evY(X;j T «) V'(oj)) = Y.^P®o.^■ ^ 
5.3. Even and odd Killing fields. 

In this subsection we assume, for simplicity, that (Afo,5,Ad) is a (pseudo)- 
Riemannnian symmetric spin manifold. In this case, the Levi-Civita connection 
coincides with the canonical connection. Fix an adapted algebra of supersymmetry 
(5.6) and denote by M = G/H the associated superization of Mq = Go/H. The 
space of spinor fields which satisfy the generalized Killing equation (5.3) is denoted 

by 

ICS ~ {ip e S{Mo) I ViV = Vi^V^ + C{X, ^) = 0} (5.7) 
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Similarly the image of the representation of the Lie algebra Qq 

^0 :0o^T(Mo) 

X i-> >fo{x) = (g i-^ i^o((Adg-i x)mTj)) 
by Killing vector fields of Mq is denoted by K-V := {(po{a)\a G Qq}. 

Definition 5.8. The anti-homomorphism of Lie superalgebras 

(^:0^DerK(A(5(Af*))) 

given by (the passage to the quotient of) the map (2.7) is the Killing representa- 
tion of the algebra of supersymmetry = 0o + 0t ^{'S*{Mq)). For every a G 0, 
the fundamental vector field (p{a) is called a Killing field. 

Recall that the Killing representation of the algebra of supersymmetry is explic- 
itly described by Proposition 2.14 and Theorem 2.30. The following Theorem is 
the main result of this subsection. In particular it shows that our construction is 
consistent with the symmetry superalgebra construction in the theoretical physics 
literature (see all the references cited in Example 5.11). The interpretation of gen- 
eralized Killing spinors (5.7) as odd-values of the odd Killing fields (2.21) is new. 
Moreover, vector fields and spinor fields are embedded into a bigger space, naturally 
endowed with a Lie superalgebra structure, namely T(M) = Dcr R(A(5*(Afo)))- 

Theorem 5.9. Let {Mq, g, Ad) be a (pseudo)-Riemannian symmetric spin manifold 
Mq — Gq/H together with an adapted algebra of supersymmetry = 0g 4- ttiy — 
(t) + trig) 4- S and let M ~ G/H be the associated superization such that A{M) = 
A[S*{Mq)). For every x G 0q and s Cz S , the value of the associated Killing field 
on M is given by 

evg o ^(x) = ipo{x) G /CV C T{Mq) (5.8) 
evY o ip{s) = i/j" G /C5 C S{Mo) (5.9) 

where 

r --^^ {g ^ Adg-i s) (5.10) 

is the (unique) generalized Killing spinor with value s Cz S at the point a G Mq. 
The direct sum of (5.8) together with (5.9) is an isomorphism of Lie superalgebras 

ev : ip{8) ^ ICV + ICS (5.11) 

where the structure of Lie superalgebra oflCV + ICS is defined through the Kosmann 
Lie derivative and the Dirac current bracket via 

[M^),r] ■■= c^o(^)r , V'*] := -^(^^ ^*) 

where cc G 0q and s,t G S . Moreover, there exists a canonical embedding 

T ■ r(Afo) ® S{Mq) ^ Der r(A(5*(Mo))) (5.12) 
X-h?/' ^ X+ * 

such that 

i) The linear map T(Mq) 9 X X G Dcr k(A(iS* (Afg))) is a morphism of 
Lie superalgebras, 

ii) The linear map (5.12) satisfies (cVq -f evj) o T = Id, 

iii) evoo[X,Y] - Gr(A/o), 

iv) evTo[X,*] ^V^^^^S^Mq), 

v) evgo[*,*']=r(V',V'')GT(A/g), 
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for every X,Y e T{Mq) and 'ip,ip' G S{Mo). 

Proof. Equations (5.8) and (5.9) are direct consequences of Proposition 2.14, The- 
orem 2.30 and related comments {e.g. equation (2.22)). Note that (p{s) and -0'* 
bijectively correspond to each other. Equation (5.3) is obviously satisfied, we dif- 
ferentiate equation (5.10) along the vector field 

i 

so that 

dx^" = XI/'® ^l*=oV''(fexp(ta,)) = ^|t=oAdcxp(-ta.)°Adg-i(s) 

i i 

= -J2r® Ad.-i is)] ^-Y^r® [a.,r{9)] = -c{x, r) 

i i 

We prove that the bijective map (5.11) is a Lie supcralgebra morphism in the Rie- 
mannian case, the pseudo-Ricmannian case being analogous. Fix an orthonormal 
linear frame {ai}^™*^° C niQ, then 

^Xi^ = /'5<^o(a.)V' - ^ Y'^d^oMf^ - a<^o(a,)r)a» ' ttj ■ . 

If X is Killing, the previous formula reduces to 

Cxi' = Y /'^Vo(a.)V' + ^ 'Y^^vo(a,)P)aj ■ a, ■ 1^ 

In particular, when 

X = Lpo{x) = [g ^ ^po{{kAg-i x)m^)] , i = %l)'' 

we get that 

i i 
i i 

= - X C'((Adg-i x)raj;, Mg-i s) - ^ Xt"*' (Adfl-^ ^)t)] • a» • V'" 

i i 

= -X[(Adg-i x)na_, Adg-1 s] - [(Adg-i a;),,, Adg-1 s] 

i 

= -[Adg-i X, Adg-1 s] = - Adg-1 [a;, s] = -■0^^'^' 
It then follows that 

evyo [Lp{x),(p{s)] = -cvyo .^[a;,s] = -'0'^^''' = i^^(x)V 
for every x e and s E mj = S. The equations 

evpo ['^{x),ip{y)] = [ipoix),(poiy)] , evg o [(^(s),^(t)] = -^(■0^ V*) 

for every a;,y G flg and s,i G m- = S imply that (5.11) is an isomorphism of Lie 
superalgebras. The embedding (5.12) is defined by 

[C°°(Go)®¥>o(mo)]^" 3 X = Y.P<»Ma,) ^ X^'^^^"') =' ^ ^ [A(G)<E>^{m)f 
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i 

The proof of the remaining properties is straightforward using the remarks after 
Lemma 3.11. □ 

The foUowing example clarifies the situation. 

Example 5.10. The notation is the one of Example 2.16 and Example 3.10. The 
even- value of the odd Killing field 

^{sp) = y^(.g-i)[- A + is'Vo(r^,efe)] e T{M) 

is obviously zero. The equality 

'^(s/3)=y|(5"')[^(sa) + 5Vo(rL,efe)] mod A{G)®^ 

implies that the odd-value is the parallel spinor 

y${9-')s^ e 5(A/o) 
whose image under the embedding (5.12) is given by 

y"p{g-'Ms^) = A _ is'Vo(r^,efe)] e T{M) . 

The following example describes the symmetry superalgebras of the maximally 
supersymmetric solutions of (bosonic) 11-dimensional supergravity. 

Example 5.11 ([9, 13, 14, 15, 16, 23]). A Lorentzian spin manifold (il/o,.g,5) 
together with a closed flux F E A'*(A/o) is a bosonic solution of 11-dimensional 
supergravity if 

Ric(A,r) - lsg{X,Y) = -^-giixF, iyF) + ig(A,r)|F|2 (Einstein) 
2 2 

d* F = -^F /\ F (Maxwell) 
for all X,Y E T{Mq). A spinor field i/j G S{Mq) is supergravity-Killing if 

ViV' := Vi^^ + (-Ix A F« + ^{ixF)^) ■ i; = 

for every X G T{Mq). The spin connection V'^ is the main object of the theory. 
Indeed the Einstein and Maxwell equations are equivalent to 

Y,e*-R^"{X,e,)=0 

i 

where X € T(Afo), {e^} is a local pscudo-orthonormal frame of Mq and • denotes 
Clifford multiplication. The symmetry superalgebras = flg + 0y = (f) + iTig) -I- S 
of maximally supersymmetric solutions, i.e. plane- wave, Freund- Rubin and flat 
backgrounds, are recalled. Note that the spin connection V"^ is encoded in the 
bracket [ttIq, S]. Theorem 5.9 implies that the supergravity Killing spinors are given 
by the odd-value (5.10) of the odd-Killing fields of the supermanifold A{S* {Mq)). 

Plane-wave. Let R^'^*' be the vector space M^^, together with the standard 
inner product (•, •) of signature (1, 10) = (-1-, — ). Fix a Witt decomposition 



= (Mp © Mq) £; = (Kp © Mq) 0(©9^^Me,) 
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with (e,,ej) = -(5y, {p,E) = {q,E) = (p,p) = (q, q) = and (p, q) = 1. The 
non-trivial Lie brackets of the Cahen-Wallach symmetric space 

ml, 10 
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€ End uiE) 



Hi) [e*,ei] = -B{ei)p, 
i'") [e-tM = -S(e,)ej, 
v) [q,ei] = -e*, 

where, for 1 < «, j < 3 or 4 < i, j < 11, the infinitesimal generators of 5o(3) ©so(8) 



M,. 



Ci A e,- 



' Ci e so(3) ©so(8) 



satisfy the usual mutual relations. The flux is the invariant four form associated 
with = -q* A e^; A 63 A eg e A'^hIq. The non-trivial even-odd brackets are 

i) [Mij, Q±] = iciCj • Q±, 

ii) [et,Q+] = Ts'^iP • Q+ if 1 < « < 3, 
Hi) [e*,Q+] = ^Gjp • (5+ if 4 < i < 11, 

iv) [ci,Q+] = \I ■ Q+ , [q, = • 7 := 616263 

v) [ci, Q+] = ^/e^p ■ Q+ if 1 < i < 3, 

vi) [e,, Q+] = - j^/e^p • Q+ if 4 < i < 11. 
The 32-dimensional vector space 5* is decomposed into two 16-dimensional vector 
spaces S± whose elements are denoted by Q± € S±. The odd-odd bracket is given 

by 



[Q+,Q+] 
[Q+,Q-] 



((5+,p-(5+)q+ ^ i(Q+,/e^ejp-Q+)A/y + ^ -^{Q+, Ie,ejp-Q+)M,j , 

i,j<3 ■ ■■ ■ 



4<i,j 



-^(Q+,erQ-)e,-3^(g+,/e,-Q-)e*-6^(Q+,/e,.Q-)e*, 

1=1 i<3 4<i 

[Q_,0_] = (Q_,q-0_)p . 

[IG] gives examples of non-maximally supersymmetric plane-wave solutions. The 
associated Lie superalgebras are algebra of supersymmctries with odd part the 
t)-submodule 



Freund-Ruhin. The Freund-Rubin backgrounds AdS^ x S^ and AdS'j x S'4 
are (maximally supersymmetric) solutions of 11-dimensional supergravity once the 
radii of curvature of the two factors are in ratio 2 : 1 and the flux is, up to real 
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constant, the volume form of the 4-dimensional factor. We describe the symmetry 
superalgebra g = + the first case (the second is similar) . The action of 

00 = 50(2, 3) © 50(0, 8) = (5o(l, 3) + M^'^) © (5o(0, 7) + M°'^) 

on g- = S* is given by 

i) [Mij,Q] = ^BiCj ■ Q 

ii) [v, Q] = -\lvQ , [if, Q]^\lwQ I := dvol(AdS4)' 

where e f) = 5o(l, 3) © so(0, 7), v G M}'^, w € M"''^. The odd-odd bracket is 
given by 

11 

[Q, Q] = 51 • Q)e, + ^(Q, Ie,e, ■ Q)M,, . 

j=l i,j 

Minkowski. The symmetry superalgebra of the flat solution (M^^^", (•, •)), = 0, is 
the Poincare' Lie superalgebra in signature (1, 10). 

The following example deals with the superconformal algebra. This could be an 
indication that our setting can be developed in more general situations. 

Example 5.12 ([41]). The even part of the superconformal algebra Q — Qq+Qj of 
Wess and Zumino is a central extension of 5o(2, 4): 

00 = K • 1 + so(2, 4) = M • 1 + (y + M • fi + so(l, 3) + V) 

where V and V are two copies of Minkowsky spacetime (M^^'^, (•, •)) and the second 
equality is the usual decomposition of so (2, 4) into infinitesimal generators of special 
conformal transformations, dilations, rotations and translations of IR^'^. The spin 
module in signature 52,4 is the direct sum of two copies of the 5pin(l, 3)-module 

0T ^ '^'2,4 = -Si, 3 + S'j^ g 

on which so(l, 3) acts diagonally via the 5pin(l, 3)-representation. The Schur alge- 
bra of the so(l, 3)-represcntation 5i,3 is generated by a complex structure J. The 
adjoint actions of the central charge 1 G 0o and of the dilation generator d G 0q on 
the odd part 0y are diagonal 

[l,(s,s')] = (Js,-Js') , [rf, (s,s')] === (is,-is') 

where s G 5i,3 and s G S*]^ 3, while those of u G 1^ and w G are given by 

[vAs,s)]^ ^{v ■ s\q) , [u',(s,s')] = --^(0,1)' -s) 

where • denotes Clifford multiplication of a vector with a spinor. The odd-odd 
brackets are defined as follows. [2] defines, for any < fc < 4, an isomorphism 

r*^ : Bil(S'i,3)^''(i'3) Bil'=(S'i,3)^''(i'3) 

of the vector space of so(l, 3)-invariant bilinear forms on 5*1.3 with the vector space 
of 50(1, 3)-invariant A'^R^''^-valued bilinear forms on 5i.3, where 

(r^(s(g)t),wi A • • • A Ufc) := ^ sgn(7r)/3(w^(i) • • • v^^^^) ' s,i) 

TTSSfc 
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for every s,t G 51,3 and vi,...,Vk G M.^'^. The vector space Bil(iS'i,3)®'''^^''^-' is two 
dimensional and an admissible basis (see [1]) is given by two skew-symmetric bilin- 
ear forms (3 and (3j := f3{J-,-). Clifford multiplication of a vector with a spinor is 
a skew-symmetric (resp. symmetric) operation with respect to (3 (resp. (3j). The 
odd-odd brackets are given by 

Ts ^Tlp- : S\/ S , Tg> ^ ^Tli^ : S' W S' ^V' 



where 



3 ^ 1 „ 1 



and r £ R is an arbitrary non-zero real constant. The body of the Wess-Zumino 
Lie supergroup G is given by 

Go = Spin°(2, 4) X M SU{2, 2) x R 

and the Poincare' group Spin'^(l, 3) k R^''^ is a Lie subgroup. The projection of the 
odd Killing fields of G on M.^'^ C Go gives maps 

tP'' -.R^'^ ^ S1.3 + Si.3 , — ^(ws',0) 

where s €81^3. These are all the (non-parallel) twistor spinor also called confor- 
mal Killing spinors in the literature, of Minkowsky spacetime. 

6. Appendix 

6.0.1. Proof of Lemma 1.32. 

We prove the Lemma only in the case of a vector field X S T{N). The 
general case is similar. It is enough to prove that X = on a coordinate patch 
{a;'",^s}. Fix a point p & U C Nq. By M-linearity of relation ii), assume that 

Y\ 

i.e. there exist f[,gf G Am{U) such that 



r— 1 s—1 ^ 

where fl{p) = gfip) = for every I < r < m, I < s ^ i < n and gKp) = 1. Every 
superfunction / G Am{U) can be expressed as 

n 

/ ~ ^ ^ ^ ^ fai--as^ai ' '^a^ 
s—0 Qi <■ ■ <Qs 

where fai-.a^ G C°°(C/). Say that / is zero up to order q G N if fai -a,, = whenever 
s < q. The local expression of a vector field X is given by 

r=l s=l ' 
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where f^,g^ G Am{U). Say that X is zero up to order g e N if so are all /'', g'^. 
Given two local vector fields X, Z , the non- associative operation 

is well-defined (X is as in (6 . 1 ) ) . It satisfies the relation CzX = Z■X-{-^y^^^^^X■ 
Z. If Z is zero up to order q, then Z ■ X is zero up to order q as well. Define 

By induction on g € N, we prove that if X satisfies i) and ii) for 1 <k < q then X 
is zero up to order q. 

{q = 0) From i), /'' = = 0, i.e. X is zero up to order 0. 
{q = 1) = Cy-i^ X = Yi^ ■ X ± X ■ Yi^ and evaluating in p 

= Xi-^ Ip = {Yi-^ ■ X)\p 

because X is zero up to order 0. Then 

= (y,, • = Y.{Yun{p)Q-^ + Y.(^n9nip)gr 

r—l s—1 

i.e. X is zero up to order 1. 

(q = 2) Xi^i^ = ^Y.^Xi^ = • ± Xi^ ■ Yi^ and evaluating in p 

= Xi^i^ \p = {Yi^ ■ Xi^)\p 
because Xi^ is zero up to order 1 (and so 0). Moreover 

because X is zero up to order 1. Then 

„ = (^.,y...X„|, = (|-.,|-.X))|, 

where the second equality follows from the fact that X is zero up to order 1. 

{q > 3) Xi^..i^ = Ly,^X^^_^-i^ = Yi^ ■ Xi^_^..i^ ± Xi^_^..i^ ■ Yi^ and evaluating in p 

= Xi^..i-^\p = (Yi^ ■ Xi^_-^..i-^)\p 

because X^^ ^..^^ is zero up to order 1 (and so 0). Moreover 

d d 
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because Xi^_^..i-^ is zero up to order 2 (and so 1) by the induction hypothesis. Using 
the fact that Xi^^..i-^ is zero up to order q — k (and so g — fc — 1) by the induction 
hypothesis we get that 

- (r,, • = (-^ . (F,,_, . (F,,_, . . . (y,, . X) ■ 

d d d d 

The second to last equahty follows from the fact that X is zero up to order q — 1 
by the induction hypothesis. □ 

6.0.2. Proof of Theorem 3.16. 

Every G-invariant superfunction / is constant; 

p;f - (Id^evp) o p*f = (Id®evp)(l ® /) = f[p)lG = p;U{p)Im) 
implies the assertion. 

Let X £ T{M)'^ be a G-invariant vector field. For every g E Go, applying (evgOld) 
to both sides of (Id ^X) o p* ^ p* o X, we get that X o g* = g* o X while 

X o {A\^®ld)o p* = (-l)l-^ll^l(^|e®Id)o (Id®X)op* 

and 

{A\e (E)ld)op* oX = {A\^ (E) Id) o (Id (E)X) o p* 

imply that C^X = for every A e g. We have proved that T{M)^ C T(A/)('^°'B). 
The inclusion 

evp(r(M)<=) C evp(r(M)('=°'fl)) C {TpMf^^^'^ 

follows from evaluating (3.4) at p when g G (Go)p and Ae Qp. Let Xi , X2 € T{M)^ 
be two G-invariant vector fields on M with the same value Xi\p = X2\p = v. 
Applying (Id(X)evj,) to both sides of (Id®X) o p* = p* o X , we get that 

(ld(S)v)o p* ^ p*o Xi P*pO X2 , 

i.e. Xi = X2. This proves injectivity of the correspondence at the level of vector 
fields. We prove surjectivity. For every v € {TpM)'^'''^^^ equation (3.5) defines a 
G-invariant vector field through the identification pp : G/Gp M . First, equation 
(3.1) together with 

Rlo{ld®v)o p* = (Id (g)?;) o (i?;; (g) Id) o p* {ld®v) o {lA®h*) o p* = (Id(g)w)op*, 
{-l)\BMBo{ld®v)o p* = (Id(g)u) o (B® Id) op* = (Id®w)o (Id®B) op* ==0, 
where h S (Go)p and B £ Qp, implies that Im((Id(g)u) o p*) C Ao/Gp- Equation 

(Id®«) o p*(/5) ^ (Id®i;)p*(/) • p;ig) + (-1)I^'II^V;(/) • (Id®«)p*(5) 
implies that (3.5) is a derivation. It is G-invariant, for 

P*°(pP~'°((Id®«)op*) 

equals 

(Id(8)(p*)"^) o (Id«)(Id«)w) o p*) o p* = (Idg)(p*)"^) o (Id«)Id«)u) o (Id(8)p*) o p* 



48 



ANDREA SANTI 



= (Id®(/9*) ^)o(Id(8)Id(g)u)o(m*(g)Id)op* = (Id(g)(p*) ^) o ^* o ((Id o p*) . 

The inclusion T{M)'''^°'B'^ C r{M)^ is proved as in Lemma 2.5. 
Let UJ e T*{M)'~^ be a G-invariant 1-form. The inclusion 

T*{Mf C r*(A/)('=°'B) 

follows from applying (cvg(3)ld) and (A|e(3)Id) to both sides of (jj(y) = {p*Lu){ld(E)Y). 
Thus 

evp(r*(Af)'=^) C evp(r*(M)(^«'S)) C [T^Mf^^^^ . 

Let cjJi,<x'2 € T*{M)'^ be two G-invariant 1-forms with the same value wilp = 
ti^2|p = ^p- Applying (Id(X)evp) to both sides of 

\®Lo,{A) = {p*uj,){lA®A) 

we get that 

Wp(i|p) • 1g = (Id®evp)(p*Wi)(Id®i) = {pluji){A) , 
i.e. wi = W2- Denote Gp by iJ. A 1-form lo e T*{G) is projectable if 
i?//„-Invariance = 

()-Invariance S(u;(y)) = (-l)l"l'-^lcj(/:By) {Y e r(G)) 

Horizontality wj^^gif, = 

for every h e Hq, i? e f). The set of all projectable 1-forms is denoted by T*{G)^"^ 
and its intersection with the set of G-invariant 1-forms by 

r*(G)Lr''" ■■= 'r*{G)^fr n r*{Gf . 

The pull-back 

T*{G/H) 3v^TT*ve T*{G)^^^ 

is a bijection such that tt*{T*{G/H)^) = T* (G)f^^^''^" . A 1-form uj € T*{G)^^^ 
uniquely defines a 1-form v S T*{G/H) by 

y{X) :=^(y) 

where X G Tq/}j{U)^ Y e Tc{nQ^U) are 7r-related vector fields. These assertions 
depend on the existence of adapted coordinates. For every i?-invariant covector 
£ (q/^T, the formula 

uj{f ® A) (-l)l^ll"°l/c^o(A) e yl(G) / ® A e yl(G) ® g 

defines a 1-form to e ^*(G)^^^^^" and so a G-invariant 1-form on G/i7 = M. 
These proofs can be generalized naturally to tensor fields of type (r, s) . □ 
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